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Abstract

In this paper certain polynomial inequalities with restricted zeros are given, which generalize and refine some
well-known polynomial inequalities due to Ankeny and Rivlin, Dewan, Singh and Mir, Mir, Wani and

Hussain and others.
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1. Introduction.

Let P(2) be a polynomial of degreen ,M(P,R)

= Jnax 0IP(Z)I

Then it is well known that

M(P,R) < R"M(P,1) for R>=1 (1.1)
And
M(P,r)=r"M(P,1) for 0<r<1 (1.2)

Inequality (1.1) is a simple deduction from Maximum
Modulus Principle (see [1]), whereas inequality (1.2) is
due to [2]. Both the above inequalities are sharp and an
equality in each holds for the polynomials having all their
zeros at the origin.

For polynomials not vanishing in |z|
< 1, the above inequalities have been
replaced by [3] and [4] repectivly

n

M(P,R) < (R *

1)M(P,1) for R=1  (1.3)
And

r+1\"
MP,r) = (—) M(P,1) for 0<r<1 (1.4)

As generalization of (1.4), Govil [5] proved that

if P(z) has no zeros in|z| < 1,then for0<r<R<1

M(P,r) > (i%)n M(P,R) (15)

Aziz and Dawood [6] further improved inequality (1.3)
under the same hypothesis and Proved that

n

M(P,R) < <R i

1
>M(P, 1)

_ (R"Z'l) minlP(z)|  for R=1 (16)

As an extension of (1.6) Dewan et al. [7] proved that
if P(2) is a polynomial of

degree n having no zeros in |z| < 1,thenfor R > 1

M(P,R) < (R “)M(P 1) - ( )mm|P(z)|
2w -1} PO

n+1 n

_[®"-1)-n(R-1)  R"*-1)-(n-2)(R-1) "
{ n(n—-1) (n—-2)(n-3) } |P (0)| !

provided n >3 .7

and

R™+1

M(P,R)<( ) M(P, 1)—( )mmlP(z)I

-2 R-1}|P(0)

_ ®R-D™
n(n 1)

=——|P"(0)|,provided n =3 (1.8)

Recently, Govil el at. [8] generalized inequality (1.5)
under the same hypothesis and Proved that
Mp,r) = (2 [M(P R)+n min|P()| In (&2 )]

for 0<r<R<1 (1.9
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In this paper we prove the following generalization of
(1.3), (1.7) (1.8) and (1.9).
2. Main Results.

Theorem 21, IfP(2) =ap+Xy-papz”,1<u<
n,is a polynomial of degree

n having no zeros in|z| <k, k = 1,then for R

Using Theorem 2.1,
{M(P,R)}* < 45788667.52

Theorem 2.2, IfP(z) =ap + Xy=papz’, 1< pu <
n,is a polynomial of degree

n = 3 having no zeros in |z| <k ,k
> 1,then for R>1

> 1 and every positive M(P,R)
) - [R" (nlaol + p|a,|k**1) + (nlaglk#** + pla,|k?#) M)
Integer s, = (1 + k*+D)nlag| + #laul(kuﬂ + k2m) ’
{M(P,R)}*
(R™ + K )nlag] + u|a, | (RTSKA+1 + 2y C(R*-1) [ nlagl k+1 + pla, | k2 ] in [P
(1 + k**V)nlag| + pla, | (k11 + k2#) M(P, DY i (1 + k¥ Dnlaol + play,|(kH+1 + k2) | lzi=k
0 u
2la, (R"—1 Rl
2.1) _(n+1){T_( - )}
Ontaking s = 1,the above theorem reduces to o {(Rn 1) -n@R-1)
-la
Corollary 2.1, If P(z) = ap + Xy=pay2",1 < u < ’ , n(n—1)
. . R"™“*-1)—-(n-2)(R-1
n, is a polynomial of degree L (n)_ Zgr(ln — ;g ) },provided n>3 (2.5)
n having no zero in |z| <k, k = 1,then for R
>1 and
M(P,R) M(P,R)
(R™ + k**Dnlag| + u|au|(R"k”Jr1 + k%) < R™ (nlaol + p|a, |[k#*?) + (nlaglk#** + pla, |k?*) M(P,1)
= [Ta v mlagl + la G ey MO T @ ke Onlagl + ey (e + 7k ’
22) (R™ =) [ nlaol K7+ | 2 n 1P
) ke (1 + k**Vnlay| + /,t|a#|(k”+1 + k2#) Irzrln=rll IP@2)]
Taking u = 1,in Theorem 2.1, we get
2la,l (R"—1
Corollary 2.2. IfP(z) = Y., a,z" is a polynomial CTEY { ——R- 1)}
of degree n having no zeros in |z| <k, k = (R -1 _ 3
1,then for R > 1and every positive integer s, ~la,| n(n—1) ,provided n=3 (2.6)
{M(P,R)}* If we take u = 1, in Theorem 2.2, we get
(R™ + k%)nlagl + lag| kK2(R™ + 1) s
= A+ D) nlag] + 2K2]a;] {M(P,1)} Corallary 2.4.1fP(z) =
Yo, a,z” is a polynomial of degreen =
(2.3) 3 having no
Setting k = 1,in Corallary 2.2, gives zerosin|z| <k, k > 1,then for R > 1,
Corollary 2.3.1f P(z) is a polynomialof degree M(P,R)
n having no zeros in |z| < 1,then for R < R™ (nfaol + lazllkz) + (nlaq| +2|a1|)k2] M(P,1) —
=1 and every positive integer s, (A +k*)nlaol +2la, |k
2
R™ +1 (Rn_l) (n|ao| +|(11|)k .
MRy <[] me vy 24) o |+ kDnlagl + 2 laglk? | P!
Remark 2.1. For s = 1in inequality (2.4) reduces to _ 2lail {Rn —1_ (R — 1)} _
inequality (1.3). (n+1)
Example 2.1.Consider the polynomial P(z) = | {(Rn - 1() —_nl()R -1
1000 + z2 — z3 — z*. Clearly, nn
R7Z2-1)-n-2)(R-1) .
here =2 andn = - n—2)(n—3) ,provided n >3
4.Since we found numerically for |z| < ”7
5.43003 and @7
thus we take k = 5.4.1f we takes = 2,R = and
3and M(P,1) = 1003.
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M(P,R)
< R™ (nlag| + la; [k*) + (nlag| + |a;)k?
- (1 + k*)nlag| + 2|a,|k?

]M(P, 1) -

min |P(2)]

lz|=k

R"—1) (nlaol + lag|)k?
(1 + k*)nlag| + 2 |a,|k?

2|ay] (R*—1

_(n+1){ _(R_l)}

ol S
nn—1)

=3 (28)

Remark 2.2. For k = 1in inequalities (2.7), (2.8)
reduces to inequalities (1.7), (1.8) respectively due to
Dewan et al [7].

,provided n

Theorem 2.3.1f P(z) = ag + Xy- ayz", 1 S <
n,is a polynomial of degree n having all its zeros

in|z| <k,k<1,thenfor 1<A<p

M(P,p) =
( KA (14 ph ) i
kAR 14+pR) Tig pn kel A ) T g (et pit )

1 PRk +2)\
k"m In (/w(kﬂ+pu)) }’

where m = |rrllirlchP(z)I (2.9)
z|=

){ M(P,2) +

Taking u = 1 in above Theorem ,we get

Corollary 2.5.1f P(z) =
Y0y 2° is a polynomial of degree n having all

its zerosin|z| <k, k<1, then for 1<A<p

M(P, p)
kn nln(l + p )n
<k”/1”(1 +p)t+pn(k +A)" — A (k + )">{ e

1 plk+2)
™ ln</1(k+p)> }

wherem = |rrllirllclP(z)I (2.10)
zZ|l=

We take A=1 in inequality (2.9), we get
Corollary 2.6.1f P(z) = ap + X9, a,2"° , 1< pu <
n,is a polynomial of degree
n having all its zeros in |z| < k,k < 1,then for 1
<p
M(P,p)
> < k" pn(L+ pt )"k

M(P,1
k(L4 p) b pn (ki 4 1) 70 = (ki + i )"/ﬂ) { 0

+—mIn (

pH(k* +1) "u
(kH + pH) ) ’

where m = |rrllir’}th(z)l (2.11)
z|=

Taking k = 1in Theorem 2.3 ,we get

Corollary 2.7.1f P(z) = ag + Yy=papz’ ,1 < u <
n,is a polynomial of degree

n having allits zeros in |z| < 1,then for 1<A<p

14 o\
M(P,p) = ((—113’”) ){M(P,A)

LR TN
+ A"m In (m) }.

where m = Irr}ir}lP(z)l (2.12)
VAES

Setting A=1 in corollary 2.7, gives

Corollary 2.8.1f P(z) = ay + Yy=p ay2", 1 < pu <
n,is a polynomial of degree n having all its zeros

in|z| <1,thenfor 1<p

M(P,p) = ( (#)n/ * ) {M(P D+mn ((1+pu))% }

where m = |rr}ir}IP(z)l (2.13)
z|=

3. Lemmas.

We need the following Lemmas.

Lemma 3.1.[9] IfP(2) = ay + Xy=pa,2", 1 < u <
n,is a polynomial of degree n having no zeros
in|z| <k,k>1,then

max | P (z)| <

|z|=1

nlagl+u|ay|kh*?
A+kHHD)n|ag|+u|ay | (kP +K2H)

)male(z)I (3.1
|z|=1
Lemma3.2.[10] IfP(z) = ay + X9-papz”, 1 S u <
n, is a polynomial of degree
n having no zero in |z| <k ,k = 1,then
max | P (2) |

{ n|a0|+u|a |Renr1
=0 (1 + k**Dnlae| + u|au|(k/‘+1 + k28)) |

1
_k_n 1
nlaol + p|a,|kH+t
T (1 + k* Dnlag] + pay | (kY + k2

}ma |P(2)]

}l min|P(2)| (3.2)

Lemma3.3.[11] IfP(z) is a polynomial of degreen,
then for R>1

2(R" — 1)
M(P,R) < R"M(P,1) — i D |P(0)]

R" -1 R" z2—
-1 o
provided n>2 (3.3)

IP ],

and
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M(P,R) < R"M(P,1)

R-1
( Hm+nwmn

+R=-D[PO]],

provided n=2 (3.4)

Lemma3.4.[12] If P(z) = ay + ¥p-papz’ ,1 <
u < n,having no zeros in |z| < k,

k>1,then for O<r<R<1

M(P,T)
A +rH)"u MER)
(1+ )1 4 (RE 4 k)i — (et 4 i )"
RE + kA
+m In (m) ,Where m
= min|P(2)| 35)

4. proof of Theorems.
Proof of Theorem 2.1.
Since P(z) has no zerosin|z| <k, k = 1.Using
Lemma 3.1, we have
max | P () |
nlagl + p|a,|kF+?
(1 + kFDnlagl + pla,|(kH*1 + k2#) {72t

ax |P(2)]

Appling inequality (1.1) to the polynomial
P'(z) which is of degree (n — 1),
for R>=1and 0<60 < 2m,

| P'(Re®)| < max |P'(z)| £ R™ ! max |P'(2)|
|z|=R |z|=1

nlayl + ula, |k#+?
< Rn_l[n laol ﬂl |
(1 + k*Dnlagl + pla,|(kH+1 + k2#) HE

(4.1)
Now, for R>1 and 0 <6 < 2m,

|[(P(Re™®}* — (P(e'®}*| =

fRﬁ {P(tei®}
, dt
R . v .
SSJ |P(te®)|s~1|P'(te'®)|dt
1
This implies that
PRe™)[" < |P(e)["

R
+ M, 1)} j s 5= |P'(tet®)]dt
1

Which clearly gives
M(PP,R)}¥ <{M(P, 1D}

R
+ {M(P, 1)}5—1 f s tns—n |Pl(tei9)|dt
1

On applying (4.1) and noting that R > 1, we obtain

ax|P(2)|

{M(P,R)}*
<{MP D1
nlagl + pla,[k*** fRnstns—ldt]
(1 + kM Dnlagl + play| (ki + k24 Jy

Which implies
{M(P,R)}*
<|1

nlao| +u|au|kqu1
(1 + k**Dnlag| + p|ay, |k + k2#)

- 1)] {M(P,D¥

(Rns

The above is clearly equivalent to
{M(P,R)}*
[(R"S + k* Onlagl + p|a, |(R™S kL + k2H)
(1 + k*Dnlagl + p|ay|(kH+1 + k2#)

MP, DY

and this completes the proof.

Proof of Theorem 2.2.Using inequality (3.3) of Lemma

3.3, we have

forR=1
2(R™—-1)
M(P,R) <R"M(P,1) — (74_2)|P(0)|
R"—1 R"Z-
- n (n— |P (0)|

forn > 2.

For the polynomial P'(z) which is of degree (n—1)
> 2, fort>1

. . 201 —-1)
< ¢n-1 _ -~ @7
max|P'(2)| <" max|P (2)] iy
A N !
- la,|
n-1) n-3)

(4.2)

Now, using Lemma 3.2 in inequality (4.2) and Let m =
lH‘llil’II( |P(z)],for0 <6 < 2m
2=

and R > 1,we get

IP(Re®) — P(e)] < fl | P(eet) | ae

< K nlaol + pa,|kH** >M(P 1)
(1 + k*Dnlagl + p|ay|(kH+1 + k2#) ’
1
_F 1

nlao| + pla I+t } ] f .
- m n
(1 + k*Dnlagl + p|ay|(kH*T + k2#) 1

2 R
—mlallf (t 1—1)df

L'nl —3_1
'“2'1 [(n—l) )
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M(P,R)
<M(P,1)
{[ nlaol + u|a,|k#+!
(1 + k*+D)nlagl + p|a,|(kH*T + k2#)

M(P,1)

1 lagl K41 + pa, | K .
_k_n[ _(1+k“+1)n|a | + u+1 20 m} (R
ol + u|ay| (k#+t + k2
2lay] (R"—1
_(n+1){ n _(R_l)}
(R"—1)—-n(R—1)
—la,l { nn—1)
R"2-1)-(n-2)(R-1)
- -2 -3) }
M(P,R)
s[1+ (R" = D)(nlaol + pla, k") ]M(P,l)
(1 + k*#*Dnlag| + /‘laul(kuﬂ + k2m)

@R -1 [ nlaol k#* + play,| k2
ke (1 + k**Dnlag| + p|a,|(kH+1 + k2#)
2lay] (R*—1
_(n+1){ n _(R_l)}
(R"—1)-n(R-1)
—lax| { n(n—1)
(R"2-1)—(n-2)R-1)
B (n-2)(n-3) }

Which is equivalent to

M(P,R)

- [R” (nlaol + u|a,|k#*1) + (nlaglk#** + p|a,|k2#)
- (1 + k*Dnlagl + play| (k1 + k24)

M(P,1)

R" —1) [ nlaol K+t + play,| k2 p
(1 + k*Dnlagl + pla,|(kH*T + k2#) e in 1P@)|

2 |a1| R" -1

_(n+1){ n _(R_l)} a
(R"—1)—n(R—1)

la| n(n—1)

R"2-1)—n-2)(R—-1
_ ( (n)— ZS?TL — ;g ) },provided n> 3.

The inequality (2.6) follows on the same lines as that of
inequality (2.5) but instead of using inequality (3.3) of
Lemma 3.3, we use the inequality (3.4) of the same
Lemma, and hence Theorem (2.2) is proved.

Proof of Theorem 2. 3.
Since P(z) has all its zerosin |z| <k, k<1,
therefore, the polynomial q(z) =

2" P(1/7) also has all its zeros in |z] > + .

On applying inequality (3.5) of Lemma 3.4 to the
polynomial q(z) ,we obtain

max|q(z)| =
|z|=r

(1471)"u
(1) et (R ) i (Y iy e

){ max|q(2)| +

mln Iq(z)ll (Rﬂkﬂﬂ)n/u } 4.3)

|z|= rlhkbt+1

Since

la@)| = |2P(Y/2)|, maxlq()| =" max|P(2)] and

z|=0-

min laCo) = minlP(2)| @.4)

Using (4.4) in (4.3), we get

r™ max |P(2)| = ( i) T )
|z|=1/y

K™( rie1) Tha( RIKE41) T (ki1 ) /e

{R" max [P(2)| +
z|— R

in nIP(Z)Il (Ruku+1)"/u } “.5)

Bik+1

Replacing r by 1/, and Rby 1/, , we obtain from
(4.5)
M(P,p) >

[ KnpnaAn (14pH) 0
kAR 14pH) it pr( R4 Al ) Tu—An (k4 ph ) 1

1 ph(ck +2m)\
K" m In (;U‘(k“+p”)) }

and this completes proof of Theorem (2.3).

]{ M(P,2) +
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