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Abstract

This paper is devoted to study the notions of fuzzy pre — A — set, fuzzy semi — A — set, fuzzy pre — V —
set and fuzzy semi — V — set in fuzzy topological space. We study some properties and discuss the
relationships between fuzzy pre — A — set, fuzzy semi — A — set, fuzzy pre — V — set and fuzzy
semi — V — set and relevant concepts in fuzzy topological spaces and to investigate some basic yet
essential properties.
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1. Introduction

The concepts of fuzzy sets and fuzzy topology were
firstly given by Zadeh in [1] and Chang in [2], and after
then there have been many developments on defining
uncertain situations and relations in more realistic way.
The fuzzy topology theory has rapidly began to play an
important role in many different scientific areas such as
economics, quantum physics and geographic information
system (GIS). For instance, Wenzheng Shi and Kimfung
Liu mentioned that the fuzzy topology theory can
potentially provide a more realistic description of
uncertain spatial objects and uncertain relations in [3]
where they developed the computational fuzzy topology
which is based on the interior and the closure operator. In
the fuzzy topology, the weaker forms of fuzzy open sets,
which were constructed by the compositions of different
combinations of the closure and interior operator, have
been studied by several mathematicians [4-8].

The concept of fuzzy A — sets and fuzzy V - sets ware
introduced by M. E. EI-Shafei and A. Zakari, The Arabian
Journal of Science and Engineering [9], Halder [10]
introduced the concept of fuzzy R — A sets and fuzzy
R — V sets in fuzzy topological space. In (2008), In this
paper, for these sets, we will introduce the notions of
fuzzy pre — A — set, fuzzy semi — A — set, fuzzy
pre — V —set and fuzzy semi— V — setin fuzzy
topological space.

2. Preliminaries

Throughout this work, by (X, ) we mean a fuzzy
topological space due to Chang [2] in 1968.The
complement of a fuzzy set u is denoted by u¢ . We start
with recalling some lemmas and definitions which are
necessary for this study in the sequel.

Definition 2.1. Let (X,) be a fuzzy topological space, then
the fuzzy set u is called:

(i) Fuzzy regular open [11] u = int(cl(u))

(i) Fuzzy semi open [5,12] (briefly fuzzy s—open) if
p < cl(int(u));

(iii)  Fuzzy preopen [13] (briefly fuzzy p—open) if
u < int(cl(w)

The complement of a fuzzy regular open (resp.

semi—open and pre—open) set is called fuzzy regular

closed (resp. semi—closed and pre—closed) set.

Definition 2.2. Let (X,) be a fuzzy topological space, then
the fuzzy set u is called fuzzy A-set [9] if u = p”, where
pr=inf{v: u<v,ver}

The complement of a fuzzy A—set is called fuzzy V - set.

Lemma 2.3.[9, 14]. Lety, pand {y;: i€ I'} be fuzzy sets
of a fuzzy topological space (X, 1), the following
properties hold:

iy A =1,v@Q) =1
(i) A0) =0,V (0)=0
(i) p<A@andp 2V(E) =V < pu< AW,
(V) p<B=>4AW < AB) and V (1) <V (B),
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(V) A@@W) = A@and V (V (W) = V(W
(Vi) AU ) =U (A()) and V(U p) = U

( |4 (p'l))'
(Vi) A0 ) <N (A@)) and V(np) =n
)
(viill) A(ue) = (V(w)°and V() = (A(W)°.

Lemma 2.4. [13]. For a fuzzy set p of a fuzzy topological
space (X, T ),then

(i) If pisafuzzy open set, then pis a fuzzy A —
set ,
(i)  If pisafuzzy closed set, then pis a fuzzy V —
set.
The converse of this lemma is not true as shown in [14].

Definition 2.5. [9]. Let (X,) be a fuzzy topological space,
then the fuzzy subset u is called fuzzy R — A — set, if u =
Ag (W), where

Ar(p) = inf{v : u <wv,visa fuzzy regular open set}
The complement of a fuzzy R — A — set is called fuzzy
R — V - set.

3. Fuzzy pre — A — and fuzzy semi — A —
sets.

Definition 3.1._A fuzzy set A of a fuzzy topological space
X is called:

(i) Fuzzypre — A —set (p — A — set) if 1 > AVA.

(i) Fuzzy semi — A — set (s—A— set) if 1>
AAV

The family of all fuzzy pre — A (resp.semi — A) sets
will be denoted by Fp — A(X) (resp. Fs — A(X)) .

Theorem 3.2. Let A be a fuzzy set of a fuzzy topological
space (X, T), then the followings hold:

(i) Every fuzzy A — set is a fuzzy p — A — set,
(ify Every fuzzy A — set isafizzy s — A — set.
(iif)  Every fuzzy open set is a fuzzy p — A — set.
(iv) Every fuzzy open set is a fuzzy s — A — set.
Proof.

(I) LetAbeafuzzy A — set,thend =24.So A >
AV implies that 22 > (AV)A. Thus A is a fuzzy
p — A — set.

(i)  Letibeafuzzy A — set,then 2 =" > AAV.
Hence A is a fuzzy s — A — set.

The proof of (i) and (ii) come from fact every open set is
afuzzy A — set.

Remark 3.3. The following diagram of the implication is
true.

Fuzzy regular open

VA

Fuzzy open set Fuzzy R — A — set

L Fuzzy A — set J

¥

Fuzzy p — A — set Fuzzy s — A — set
Diagram 1.

The converse of these implications in Diagraml are not
true as shown in the next example.

Example 3.4. Let X = {a,b,c} and A, p and y be fuzzy
sets of X defined as follows:

Aa) = 0.2, A(b) = 0.3, Alc) = 0.5,
u(a) = 0.1, ub) = 04, n(c) = 0.5,
y(a) = 0.2, y(b) = 0.1, y(c) = 04.

Consider the fuzzy topology T = {0, 4, 1}. Clearly, pisa
fuzzy p — A — set because p > p¥4 = 0. Since u4 # u
and hence p is not a fuzzy A — set. Also y is a fuzzy
s — A — set because y = y4V = 0. Since y4 #y and
hence y is not a fuzzy A — set.

Remark 3.5. The fuzzy p — A — sets and fuzzy s — A —
sets are independent notions as shown in the following
example.

Example 3.6. Let X = {a,b,c} and A, p and y be fuzzy
sets of X defined as follows:

Ala) = .1, A(b) = 0.6, A(c) = 0.5,
p(a) = 0.3, u(b) = 0.7, u(c) = 0.3,
y(a) = 0, y(b) = 0.5, y(c) = 0.5.

Consider the fuzzy topology T = {0, 4, 1}. Clearly, [ is a
fuzzy p — A — set but is not a fuzzy s — A — set and y
isafuzzy s — A — set butis not a fuzzy p — A — set.

Theorem 3.7. Let A be a fuzzy set of a fuzzy topological
space (X, T). Then

(i) Ais a fuzzy p — A — set if and only if there
existsa fuzzy p — A — set vsuchthat 2V < v <
A.

(if) A is a fuzzy s — A — set if and only if there
exists a fuzzy s — A —setv such that vV <
A<

Proof.

(i) LetAisa fuzzy p — A — set of a space (X, T),
then 2 > AV, We put v = A¥4 be a fuzzy p —
A—setand 21>V =y =2V,
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Conversely, if vis a fuzzy p — A — set such that
AV <v<ai thennd > v > vV >2¥"  and

thus A is a fuzzy p — A — set.

(i) Let A is a fuzzy s — A — set of a space (X, T),
then 2 > A1.We put v = A% be a fuzzy s —
A—setandvV =20V <1< =v.

Conversely, if vis a fuzzy s — A — set such that
vV <1 <wv, thenv > v2V > 14V, Since vV is
the largest fuzzy closed set contained in v, we
have 22V < vV < 1 and hence ) is a fuzzy s —
A — set.

Corollary 3.8. Let A be a fuzzy set of a fuzzy topological
space (X, T). Then

(i) Aisafuzzy p — A — set if and only if there exists a
fuzzy A — set vsuchthat 2V < v < 1.

(i) Ais a fuzzy s — A — set if and only if there exists a
fuzzy A — setvsuchthatvV <1 < wv.

Theorem 3.9. Let (X, T) be a fuzzy topological space and
A; € Fp — A(X), , then N {A;:1 €1} € Fp— A(X),
foreach i €.

Proof.

Let A; isafuzzy p — A — set, then 4; = 4;"4 implies that
Nier A = Ny 4,7

Therefore Nie; A = ((Nier 2)V)™ = (N A:) VA
Hence N;¢; 4; € Fp — AX).

Theorem 3.10. Let (X,T) be a fuzzy topological space
and A; € Fs—A(X), then n {A;:1 €} € Fs — AX),
foreach i € 1.

Proof. Similarly as that of Theorem 3.9.

Remark 3.11. The wunion of fuzzy pre—A-—
(resp.semi — A —) sets need not be a fuzzy pre — A —
(resp. semi — A—) set .This can be shown by the
following examples.

Example 3.12. Let X = {a, b, c} and A, p and y be fuzzy
sets of X defined as follows:

Ala) = 0.6, A(b) = 04, Alc) = 0.8,
u(a) = 0.5, u(b) = 0.6, u(c) = 0.1,
y(a) = 0.2, y(b) = 0.5, y(c) = 0.4.

Let T = {0, 1, 1} be a fuzzy topology on X. Clearly p and
y are fuzzy p — A — sets, because p > p¥4 = 0and y >
y¥4 =0. Also we have (nUy)V =2° and (nUy) =
(nU y)V4 = 1. Which shows that p U y is not a fuzzy
p — A — set.

Example 3.13. LetX = {a,b,c}and p,, u,, pzandp, be
fuzzy sets of X defined as follows:

(a) = 1, i) = 1, w(c) = 0.6,

Ha(a) = 0.1, Wy (b) = 04, Hp (¢) = 1,
(@) = 1, uz (b) = 0.7, uz () = 0.6,
W(a) = 0.1, K (b) = 0.3, K (c) = 08.

LetT = {0, py, 1y Ky N Yy, 13} be a fuzzy topology on
X. Clearly p; and p, are fuzzy s — A — sets , because

uy = W = (N )€ and  p, >z = P
Also we have (p3Up,) 2 (psUp)? =1. Which
shows that p; U p, is notafuzzy s — A — set.

Lemma 3.14. For every fuzzy set A € Fp — A(X), then
Av — AVAV )

Proof. Let € Fp —A(X) , thenA > A4 and 1Y >
VAV thus 2V = AV4Y,

The next remark gives us the relationship between fuzzy
preopen (resp.semi — open ) sets with  fuzzy pre —
A — (resp.semi — A—) sets.

Remark 3.15. The fuzzy pre — open (resp.semi—
open) sets andfuzzypre — A — (resp.semi — A—) sets
are independent notions. We can show that from the
following examples .

Example 3.16. LetX = {a, b, c}and A, p and y be fuzzy
sets of X defined as follows:

A(a) = 0.6, A(b) = 04, A(c) = 0.8,
pu(a) = 0.3, u(b) = 0.6, u(c) = 0.1,
y(a) = 0.5, y(b) = 0.6, y(c) = 0.4.

Let T = {0, 4,1} be a fuzzy topology on X. Then [ is a
fuzzy p — A — set but is not a fuzzy preopen set and y is
a fuzzy proopen set but is not a fuzzy p — A — set.

Example 3.17. LetX = {a,b,c}and A, p and y be fuzzy
sets of X defined as follows:

A(a) = 04, A(b) = 04, A(c) = 0.5,
u(a) = 0.2, u(b) = 0.4, u(c) = 0.5,
y(a) = 04, y(b) = 0.5, y(c) = 0.5.

Let T = {0,4,1} be a fuzzy topology on X. Then [ is a
fuzzy s — A — set but is not a fuzzy semiopen set and y
is a fuzzy semiopen set but is not a fuzzy s — A — set.

4. Fuzzy pre— V — and fuzzy semi —
V — sets .

Definition 4.1. A fuzzy set 1 of a fuzzy topological space
is called:

(i) Fuzzypre —V —set(p —V —set) If 1 < 24V,

(i) Fuzzy semi —V — set(s—V — set)ifA<
AL

The family of all fuzzy pre —V (resp.semi — V) sets
will be denoted by  Fp — V(X) (resp.Fs — V (X)) .
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Proposition 4.2. Let A be a fuzzy set of a fuzzy
topological space (X, T), then the followings hold:

(i) EveryfuzzyV —setisafuzzyp —V — set.
(i) Everyfuzzy V — setisafizzy s — V — set.
(iii)  Every fuzzy closed set is a fuzzy p — V — set.
(iv) Every fuzzy closed set is a fuzzy s — V — set.

Remark 4.3. The following diagram of the implication is
true.
Fuzzy regular closed

VA

Fuzzy closed set  Fuzzy R —V — set

L Fuzzy V — set J

/N

Fuzzy p — V — set Fuzzys —V — set
Diagram 2 .

The converse of these implications in Diagram 2 are not
true as shown in the next example.

Example 4.4. Let X = {a, b,c} and A, n and y be fuzzy
sets of X defined as follows:

A(a) = 0.2, A(b) = 0.3, A(c) = 0.5,
pu(a) = 0.9, u(b) = 0.6, u(c) = 0.5,
y(a) = 0.8, y(b) = 0.9, y(c) = 0.6.

Consider the fuzzy topology T = {0, 4, 1}. Clearly, n is a
fuzzy p — V — set because p < uV =1 . Since pV # p
and hence pisnotafuzzy V — set. Alsoyisafuzzy s —
V — set because y < yV4 = 1. Since yV # y and hence
y is not a fuzzy V — set .

Remark 4.5. The fuzzy p — V — sets and fuzzy s — V —
sets are independent notions as shown in the following
example.

Example 4.6. Let X = {a,b,c}and A, p and y be fuzzy
sets of X defined as follows:

A(a) = 1, A(b) = 0.6, A(c) = 0.5,
u(a) = 0.7, u(b) = 0.3, u(e) = 0.7,
y(a) = 1, y(b) = 0.5, y(c) = 0.5.

Consider the fuzzy topology T = {0, 4, 1}. Clearly, pisa
fuzzy p — V — set butis not a fuzzy s — V — set andy is
a fuzzy s — V — set but is not a fuzzy p — V — set.

Theorem 4.7. Let A be a fuzzy set of a fuzzy space X.
Then L is a fuzzy p — V — (resp.s — V—) set if and only
if A°isafuzzyp — A — (resp.s — A-) set.

Proof. Obvious .

Theorem 4.8. Let A be a fuzzy set of a fuzzy topological
space (X, T). Then

(i) Aisafuzzy p —V —set if and only if there exists a
fuzzyp —V —setvsuchthat A1 <v <A,

(if) Misafuzzy s —V — set if and only if there exists a
fuzzy s—V—set v such that v<A<vh

Proof.

(i) LetAis a fuzzy p —V — set of a space (X, T), then
A <2V . Weputv =24 beafuzzyp —V — set
and 1 < 2 =v <24

Conversely, ifvisafuzzy p — V — set such that 1 <
v <WWthen A<v<vW <A and thus A is a
fuzzy p —V — set.

(if) Let A is a fuzzy s —V — set of a space (X, T), then

A <A We put v=21" be a fuzzy s—V-—
setand AV =v <1 < AVA =4,

Conversely, if vis afuzzy s — V — set such that v <
A <v4, then v < vV < AVA Since v4 is the
smallest fuzzy open set contained v, thus 2 < v4 <
AVA and hence A is a fuzzy s — V — set.

Corollary 4.9. Let A be a fuzzy set of a fuzzy topological
space (X, T). Then

(i) Aisafuzzy p —V — set if and only if there exists a
fuzzy V —set vsuch that 1 < v < A%,

(if) Ais a fuzzy s —V — set if and only if there exists a
fuzzy V —set v such that v < A < vA.

Theorem 4.10. Let (X,T) be a fuzzy topological space
and A; € Fp—V(X), then U{A;:i €1} € Fp—V(X),
foreachi € 1.

Proof.

Let]; isafuzzy p — V — set, then A; < 2, implies that
Uier Ai < Uges " thereforeU;e; 4; < (Ui 1) MY =
(Ui el /11) v . Hence Uier Ai € Fp - V(X)

Theorem 4.11. Let (X,T) be a fuzzy topological space
and A; € Fs—V(X), then U{A;:i €1} € Fs —V(X),
foreachi € 1.

Proof. Similarly as that of proof 4.10.

Remark 4.12. The intersection of fuzzy pre —V —
(resp.semi — V—) sets need not be a fuzzy pre —V —
(resp.semi —V—) set .This can be shown by the
following examples.

Example 4.13. Let A, pu and y be fuzzy sets of fuzzy space
(X, T) as defined in Example 3.12. From Example 3.12,
and Theorem 4.7, we get p¢ and y° are fuzzy p —V —
sets. But p°ny¢=(pn U y)isnota fuzzy p—V-—
set, because p U y is not a fuzzy p — A — set.
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Example 4.14. Let uq, My, ug and u, be fuzzy sets of
fuzzy space (X,T) as defined in Example 3.13. From
Example 3.13, and Theorem 4.7, we get p;€ and p,° are
fuzzy s — V —sets. But pu3€ N p,° = (3 U py)€ isnot
a fuzzy s — V — set, because p; U , is nota fuzzy s —
A — set.

Theorem 4.15. Let A be a fuzzy set of a fuzzy space X.
Then A is a fuzzy s — V — set if and only if 24 = AV2 .

Proof.

Let A be a fuzzy s — V — set, then 1 < AVA implies
M < (AYMHA = AVA, Therefore, 24 = AVA. Conversely,
let A be a fuzzy set such that A4 = 2VA then 1 < A4 =
AV4 thatis A is a fuzzy s — V — set.

The next remark gives us the relationship between fuzzy
preclosed (resp. semi — closed ) sets with fuzzy pre —
V — (resp.semi — V—) sets.

Remark 4.16. The fuzzy pre — closed (resp.semi —
closed) sets and fuzzy pre— V— (resp.semi—
V-) sets are independent notions. We can show that
from the following examples.

Example 4.17. Let X = {a, b,c} and A, p and y be fuzzy
sets of X defined as follows:

Ala) = 0.6, A(b) = 04, Alc) = 0.8,
u(a) = 0.7, u(b) = 04, u(c) = 0.9,
y(a) =0.5, y(b) = 04, y(c) = 0.6.

Let T = {0, 1, 1} be a fuzzy topology on X. Then p is a
fuzzy p — V — set but is not a fuzzy preclosed set and
y isafuzzy preclosed set butisnotafuzzyp — V — set.

Example 4.18. Let X = {a, b, c} and A, p and y be fuzzy
sets of X defined as follows:

A(a) = 0.4, A(b) = 0.4, A(c) = 0.5,
u(a) = 0.8, u(b) = 0.6, u(c) = 0.5,
y(a) = 0.6, y(b) = 0.5, y(c) = 0.5.

Let T = {0, 4, 1} be a fuzzy topology on X. Then p is a
fuzzy s — V — set but is not a fuzzy semiclosed set and
y is a fuzzy semiclosed set but is not a fuzzy s — V —
set.

5. Some operators using fuzzy pre — A —
(resp.fuzzy pre — V —) sets and
fuzzy semi— A — (resp.fuzzy semi —
V —) sets.
Definition 5.1. Let A be a fuzzy set of a fuzzy topological

space X. Then the fuzzy sets p, (1) and s, (1) are defined
as:

pa)=n{v:v = Avisafuzzypre — A —set}
And sy,(H)=nf{v:v = Avisafuzzy semi — A —
set }.

We can say that p,(1) and s, (1) is the smallest fuzzy
pre — A —set and semi — A — set of X containing A,
respectively.

Theorem 5.2. Let A be a fuzzy set of a fuzzy space X.
Then

(i) Aisafuzzypre — A —setifandonlyif A =

Pa(A),

(i) Misafuzzy semi — A —setifandonly if A =
sa(4),

proof.

(i) LetAbeafuzzy p — A — set of X, then A is the
smallest fuzzy p — A — set contains itself.
Thus 2 = p,(1). Conversely, if 1 = p,(1),
then obviously A is a fuzzy pre — A — set.

(if)  The proof is similar to the proof of (i).

Theorem 5.3. Let A, p and A; (i € I) be fuzzy sets of a
fuzzy space X. Then the followings hold:

(i) A<p,(D) <A, A <5400 <24,

(i) IMfA<p thenp,(1) <p,(w)ands, (1) <
sa(W) ;

(ii))  pa(pa(D)) = pa(A) and s4(sa(4)) = 54(1) ;

(V) pafn{A,iel}) <n{pa(),i€l}and
si{n{A,i€l}) <n{sp(A),i€l};

(V) pafufd,i€l}) 2U{pa(4),i€l}and
spq{u{a,i€el}) 2ufs,(4,),iel}.

Proof.

We shall only consider the case of p,(1).

(i) Sinced < A4, then1 < p, (1) <p,(A1) and
by Theorem 5.2, p,(14) = A* thatis 1 <
pa(d) <24

(i) IfA<pandby (i)wegetd <p < p,(w.Since
A < p,(A) and po (1) is the smallest fuzzy p —
A — set contains A. Hence p,(1) < pa(W).

(ili) Letp = p,(A). Since p,(p) is a fuzzy p —

A —set, then p,(n) = p= p,(4). Thus
pa(Pa(A) = pa(2).

(iv) LetA=n{A;,i€el}.ThenA < A;, foreach ie
1, then from (ii) we have p,(1) < pa(4;), for
eachi € I, therefore pp(N{A,i €I < n
{pa(A),i €1},

(v) LetA=u{A;,i€l}.ThenA = A;, foreachie
1, then from (ii) we have p, (1) = pa(4;), for
each i€ I, therefore p, (U {1;,,i €1}) = U
{pa(A0), 1 €1},

Remark 5.4. In Theorem 5.3, the inclusion (iv) and (v)
cannot be replaced by equality. It can be shown in
following examples.
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Example 5.5. Let X = {a,b,c} and A, p and y be fuzzy
sets of X defined as follows:

Ala) = 0.2, A(b) = 0.6, A(c) = 0.8,
H(a) = 0.1, n) = 1, n(e) = 0.6,
y(a) = 038, y(b) = 0.6, y(c) = 0.7.

Let T = 0, 4, 1 be a fuzzy topology on X. Then can be say
that pa(nny) = @ny) #pn=pa(w) Npay) and
sa(uny) = (uny) #1=s,() Nsp(Y)-

Example 5.6. Let A, u and y be fuzzy sets of fuzzy space
(X,T) as defined in Example 3.12, from Example 3.12,
and Theorem 5.2, we get p, (1) = pand p,(y) =y but
pa(uUY) =1#uUy=pr(0) Upa(y) .

Example 5.7. Let uq, 1y, pg and p, be fuzzy sets of fuzzy
space (X,T) as defined in Example 3.13, from Example
3.13,and Theorem 5.2, we get s, (13) = pz and s, (W) =
e DUt SA(H3 U py) =1 % p3 Uy = Sa(H3) U sp(Ha) -

Definition 5.8. Let A be a fuzzy set of a fuzzy topological
space X. Then the fuzzy sets py (1) and sy (4) are defined
as:

pv(l=U{v: v < Lvisafuzzypre — V —set}

And sy(1) =Ufv: v < Avisafuzzysemi—V —
set }.

We can say that py(4) and sy () is the largest fuzzy
pre — V —set and semi — V — set of X contained in
A, respectively .

Theorem 5.9. Let A be a fuzzy set of a fuzzy space X.
Then

(i) Aisafuzzy pre — V —set ifandonly if 1 =
py(A),
(if) Aisafuzzy semi —V —set ifand only if A =
sy ().
Proof.

(i) LetAbeafuzzyp — V — set of X, then M is
the largest fuzzy p — V — set contained in
itself. Thus 4 = p, (1). Conversely, if A =
py (1), then obviously A is a fuzzy pre — V —
set.

(i)  The proof is similar to the proof of (i).

Theorem 5.10. Let A, p and 4; (i € I) be fuzzy sets of a
fuzzy space X. Then the followings hold:

) AV<py) <A AV<s,(N) <2,
(i) 1f 2 < p, then py(A) < py(w) and s, () <
sy (W) ;
(i) py (pv(A)) = pv(D) and sy, (sy (D)) = sy (1);
(iv) py(n{A,i€l}) <n{py(}),i € I}and
sy (N{A,i€l}) < n{sy(1),i € I};
(V) pv(U{A,i€l}) 2U{py(4),i € I}and
sy (U{A,i€1}) 2U{sy (4,),i € I}.

Proof.
We shall only consider the case of py(4).

(i)  Since 2V < 2, then py (1Y) < py(1) < A and by
Theorem 5.9, py (1Y) = AV thatis 2Vpy (1) <A

(if) If A < pand by (i) we have py(1) <1<
Since py(w) < pand py(p) is the largest fuzzy
p — V — set contained in 1. Thus py(4) <
pv(W) -

(i)  Letp = py(A).Since py(n) isafuzzyp — V —
set, then py (W) = n = py(1). Thus
pv(pv(D) =py(4) .

(iv) LetA=n{4;i€l} Then < A;, for each
i €1, then from (ii) we have py (1) < py(1),
for each i€ I, therefore py (N {A;,,i €I}) <N
{pv(A),i € I}.

(V) LetA=U{A;,i€l}. Thend= A, foreachie
I, then from (ii) we have py (1) = py(4,), for
each i € I, therefore py (U {A;,i €I} = U
{pv(A), i €1}

Remark 5.11. In Theorem 5.10, the inclusion (iv) and (v)
cannot be replaced by equality. It can be shown in
following examples.

Example 5.12. Let X = {a, b,c} and A, pn and y be fuzzy
sets of X defined as follows:

Ala) = 0.2, A(b) = 0.6, A(c) = 0.8,
pu(a) = 0.9, ub) = 0, u(c) = 0.4,
y(a) = 0.2, y(b) = 04, y(c) = 0.3.

Let T = {0, 4, 1} be a fuzzy topology on X. Then can be
say thatpy (LUy) = (MUy) # n=py(W) Upy (¥) and
sy(pUY) = (HUY) # 0= sy(p) Usy().

Example 5.13. Let A, pand y be fuzzy sets of fuzzy space
(X, 7) as defined in Example 5.13, from Example 5.13,
and Theorem 5.9, we get py(u€) = p€ and py(y°€) = y¢
but py(u° Ny) = 0 # p° Ny =py(u) Npy(¥°) .

Example 5.14. Let u,,u,, p3 and p, be fuzzy sets of
fuzzy space (X,7) as defined in Example 5.14, from
Example 5.14. and Theorem 5.9, we get sy (13€) = pu3€
and sy (s ) = pa“but sy(us® N ) = 0 # pg“ N, =
sv(H39) N sy ()

Theorem 5.15. Let A be a fuzzy set of a fuzzy topological
space X. Then

(1) @A) =pv(19),
(sa() )E = sy(A9).
() (v@)® =pv(1°),
(sy(A) )E = sa(A%).
Proof.

We shall prove only (p,(4) )¢ = py(1°) . We have
PaD)) =(n{v: v visafuzzy pre — A—set})
=U{v%v° < A% veisafuzzypre — V —set}

= pv(A9).
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Theorem 5.16. Let A be a fuzzy set of a fuzzy topological
space X. Then

(i) pa) =AU A,
py(A) < 10 A8V

(i) sa(d) = A U,
sy(A) = AN AV,

Proof.

(iy Sinced <p, (1) andpp(d)isafuzzyp —A—
set. Then py (1) = (pa(A) )VA = AV, thus
pa(d) = 22 and p, (1) = AU A2, Also since
A =py(A) and py(A) isafuzzyp — V — set.
Then py(1) < (py(W))AY < 24V | thus
py() <AV and py(1) < An AV,

(i) Since A < s (1) and sy (1) isafuzzys — A —
set. Then s, (A1) = (sp (M) )AY = 21V, thus
sa(A) = 22V and s, (1) = 2 U 22V, Since
AV < 21U 22V < 22 and by Corollary 3.8, we
get AU A%V isafuzzy s — A — set and
AU A > 2. Thus 2U A2 > s,(2) and hence
sp(1) = LU AV

The proof of other part is similar.

Remark 5.17. In Theorem 5.16, the inclusion (i) cannot
be replaced by equality. It can be shown in next example.

Example 5.18. Let X = {a, b, c} and A, p and y be fuzzy
sets of X defined as follows:

Ala) = 0.7, A(b) = 0.8, Alc) = 0.2,
u(a) = 0.2, u(b) = 0.2, u(c) = 0.6,
y(a) = 0.8, y(b) = 0.7, y(c) = 0.6.

Lett ={0,4, 1, ANy AU A 1} be a fuzzy topology on
X. Then can be say that p,(y) =1 and y U yV2 is not
equal to 1 . And by Lemma 2.3, (vii) and Theorem 5.15,
we get py (¥€) # y° n (y)".

Theorem 5.19. Let A be a fuzzy set of a fuzzy topological
space X. Then

the following statements hold.

(i) pa@") =2"1,

(i) py@h =21,

(i) At =pa@H =21,
(sa@) 4 =s,(A") =21

vy v@) " =p@) =2"
(sv@) ¥ =s2(2") = 2Y

Proof.

sA@Y) = 24
sy@t) = 24V

We shall only consider the case of p,(1) and py(4).
(i) By Theorem 5.3, we have p, (1Y) < AV .
...... (1)

Also we have p, (1Y) isafuzzy p — A — set, that is

pa(2) = (pa(A" )™
> (AV) va

= V4, e 2)
From (1) and (2) we get p, (1Y) = VA

(ii) By Theorem 5.10, we have py (1%) > A4V,
....... (3)

Also we have py (%) is afuzzy p — V — set, that is

pv(A®) < (pa(NH™Y
< (AA) AV

=2
From (3) and (4) we get p,(1*) = 22V,

(iii) Since 2 < pp(A), s0 A1 < (py ()™ and we
have p, (1) < A%, 50 (A ()™ < A4, thus
(pa(A))™ = 22, Also by Theorem 5.2, we
get p, (A1) = 2%, Hence
(PA(D)) 4 = pa(Ah) = 22

(iv) Since 1 > py (1), 50 1V = (py(1))Y and we
have py (1) = 1Y, so (py(1))Y = 1Y, thus
(py(1)Y = AV. Also by Theorem 5.9, we
get py(1Y) = 2. Hence
vV =py(A") = 2"
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