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Abstract 

This paper is devoted to study the notions of fuzzy 𝑝𝑟𝑒 − 𝛬 − 𝑠𝑒𝑡, fuzzy 𝑠𝑒𝑚𝑖 − 𝛬 −  𝑠𝑒𝑡, fuzzy 𝑝𝑟𝑒 −  𝑉 −

𝑠𝑒𝑡 and fuzzy 𝑠𝑒𝑚𝑖 −  𝑉 −  𝑠𝑒𝑡 in fuzzy topological space. We study some properties and discuss the 

relationships between fuzzy 𝑝𝑟𝑒 − 𝛬 − 𝑠𝑒𝑡, fuzzy 𝑠𝑒𝑚𝑖 − 𝛬 −  𝑠𝑒𝑡, fuzzy 𝑝𝑟𝑒 −  𝑉 − 𝑠𝑒𝑡 and fuzzy 

𝑠𝑒𝑚𝑖 −  𝑉 −  𝑠𝑒𝑡 and relevant concepts in fuzzy topological spaces and to investigate some basic yet 

essential properties. 
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Fuzzy 𝑠𝑒𝑚𝑖 −  𝑉 –  𝑠𝑒𝑡. 
 

 

1. Introduction 

  The concepts of fuzzy sets and fuzzy topology were 

firstly given by Zadeh in [1] and Chang in [2], and after 

then there have been many developments on defining 

uncertain situations and relations in more realistic way. 

The fuzzy topology theory has rapidly began to play an 

important role in many different scientific areas such as 

economics, quantum physics and geographic information 

system (GIS). For instance, Wenzheng Shi and Kimfung 

Liu mentioned that the fuzzy topology theory can 

potentially provide a more realistic description of 

uncertain spatial objects and uncertain relations in [3] 

where they developed the computational fuzzy topology 

which is based on the interior and the closure operator. In 

the fuzzy topology, the weaker forms of fuzzy open sets, 

which were constructed by the compositions of different 

combinations of the closure and interior operator, have 

been studied by several mathematicians [4–8].  

The concept of fuzzy 𝛬 −  𝑠𝑒𝑡𝑠 and fuzzy 𝑉 –  𝑠𝑒𝑡𝑠 ware 

introduced by M. E. EI-Shafei and A. Zakari, The Arabian 

Journal of Science and Engineering [9], Halder [10] 

introduced the concept of fuzzy 𝑅 − 𝛬 𝑠𝑒𝑡𝑠 and fuzzy 

𝑅 −  𝑉 𝑠𝑒𝑡𝑠 in fuzzy topological space. In (2008), In this 

paper, for these sets, we will introduce the notions of 

fuzzy 𝑝𝑟𝑒 − 𝛬 − 𝑠𝑒𝑡, fuzzy 𝑠𝑒𝑚𝑖 − 𝛬 −  𝑠𝑒𝑡, fuzzy 

𝑝𝑟𝑒 −  𝑉 − 𝑠𝑒𝑡 and fuzzy 𝑠𝑒𝑚𝑖 −  𝑉 −  𝑠𝑒𝑡 in fuzzy 

topological space. 

2. Preliminaries  

Throughout this work, by (𝑋, 𝜏) we mean a fuzzy 

topological space due to Chang [2] in 1968.The 

complement of a fuzzy set 𝜇 is denoted by µ𝑐 . We start 

with recalling some lemmas and definitions which are 

necessary for this study in the sequel.  

Definition 2.1. Let (𝑋,) be a fuzzy topological space, then 

the fuzzy set 𝜇 is called:  

(i) Fuzzy regular open [11] 𝜇 = 𝑖𝑛𝑡(𝑐𝑙(𝜇)) 

(ii) Fuzzy semi open [5,12] (briefly fuzzy 𝑠−open) if 

𝜇 ≤ 𝑐𝑙(𝑖𝑛𝑡(𝜇));  

(iii) Fuzzy preopen [13] (briefly fuzzy 𝑝−open) if 

𝜇 ≤ 𝑖𝑛𝑡(𝑐𝑙(𝜇))  

The complement of a fuzzy regular open (resp. 

𝑠emi−open and 𝑝re−open) set is called fuzzy regular 

closed (resp. 𝑠emi−closed and 𝑝re−closed) set. 

Definition 2.2. Let (𝑋,) be a fuzzy topological space, then 

the fuzzy set 𝜇 is called fuzzy 𝛬−𝑠𝑒𝑡 [9] if µ = µ𝛬, where 

µ𝛬 = inf {𝜐 ∶  𝜇 ≤ 𝜐, 𝜐 ∈ 𝜏}  

The complement of a fuzzy 𝛬−𝑠𝑒𝑡 is called fuzzy 𝑉 –  𝑠𝑒𝑡.  

Lemma 2.3. [9, 14].  Let µ, β and {µ𝑖: i∈ Γ} be fuzzy sets 

of a fuzzy topological space (X, τ), the following 

properties hold:  

(i)  𝛬(1) = 1, 𝑉 (1) = 1 

(ii) 𝛬(0) = 0, 𝑉 (0) = 0 

(iii)  𝜇 ≤ 𝛬(𝜇) and µ ≥ 𝑉(𝜇) ⇒ V(μ) ≤ µ ≤ Λ(μ), 

(iv) 𝜇 ≤  𝛽 ⇒ 𝛬(𝜇)  ≤  𝛬(𝛽)  and  𝑉 (𝜇)  ≤  𝑉 (𝛽),  
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(v)   𝛬(𝛬(𝜇))  =  𝛬(𝜇) and  𝑉 (𝑉 (µ)) =  𝑉(µ), 

(vi)  𝛬(∪ µ𝑖) = ∪ (𝛬(µ𝑖))  and 𝑉(∪ µ𝑖) ≥ ∪

( 𝑉 (µ𝑖)), 
(vii) 𝛬(∩ µ𝑖)  ≤ ∩ (𝛬(µ𝑖))  and  V(∩ µ𝑖)  = ∩

( 𝑉 (µ𝑖)),   

(viii) 𝛬(µ𝑐) =  (𝑉(𝜇))𝑐 and   V(µ𝑐)  = (Λ(μ))𝑐. 

 

Lemma 2.4. [13]. For a fuzzy set µ of a fuzzy topological 

space (𝑋, 𝑇 ),then  

(i) If µ is a fuzzy open set, then µ is a fuzzy Λ −

set  ,  

(ii) If µ is a fuzzy closed set, then µ is a fuzzy V −

 set. 

The converse of this lemma is not true as shown in [14].  

Definition 2.5. [9]. Let (𝑋,) be a fuzzy topological space, 

then the fuzzy subset 𝜇 is called fuzzy 𝑅 − 𝛬 − 𝑠𝑒𝑡, if 𝜇 =

 𝛬𝑅(µ), where 

 ΛR(µ) = inf {𝜐 ∶  𝜇 ≤ 𝜐, υ is a fuzzy regular open set} 

 The complement of a fuzzy 𝑅 − 𝛬 − 𝑠𝑒𝑡 is called fuzzy 

𝑅 −  𝑉 –  𝑠𝑒𝑡. 

3. Fuzzy 𝒑𝒓𝒆 − 𝜦 − and fuzzy 𝒔𝒆𝒎𝒊 − 𝜦 −

 𝒔𝒆𝒕𝒔. 

Definition 3.1. A fuzzy set λ of a fuzzy topological space 

𝑋 is called: 

(i) Fuzzy 𝑝𝑟𝑒 − 𝛬 − 𝑠𝑒𝑡 (𝑝 − 𝛬 − 𝑠𝑒𝑡) if  𝜆 ≥ 𝜆V𝛬. 

(ii) Fuzzy 𝑠𝑒𝑚𝑖 − 𝛬 −  𝑠𝑒𝑡 ( 𝑠 − 𝛬 −  𝑠𝑒𝑡 ) if 𝜆 ≥

𝜆ΛV 

The family of all fuzzy 𝑝𝑟𝑒 − 𝛬 ( resp. 𝑠𝑒𝑚𝑖 − 𝛬) sets 

will be denoted by 𝐹𝑝 − 𝛬(𝑋) (resp. 𝐹𝑠 − 𝛬(𝑋)) . 

Theorem 3.2. Let λ be a fuzzy set of a fuzzy topological 

space (𝑋, 𝑇), then the followings hold:  

(i) Every fuzzy 𝛬 − 𝑠𝑒𝑡 is a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡, 

(ii) Every fuzzy 𝛬 −  𝑠𝑒𝑡 is a fizzy 𝑠 − 𝛬 −  𝑠𝑒𝑡. 

(iii) Every fuzzy open set is a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡. 

(iv) Every fuzzy open set is a fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡. 

    Proof.  

(i) Let λ be a fuzzy 𝛬 −  𝑠𝑒𝑡, then 𝜆 = 𝜆𝛬 . So 𝜆 ≥

𝜆𝑉 implies that 𝜆Λ  ≥ (𝜆V )Λ. Thus  λ is a fuzzy 

𝑝 − 𝛬 − 𝑠𝑒𝑡. 

(ii)  Let λ be a fuzzy 𝛬 −  𝑠𝑒𝑡, then  𝜆 = 𝜆Λ  ≥ 𝜆ΛV. 

Hence λ is a fuzzy 𝑠 − 𝛬 −  𝑠𝑒𝑡.  

The proof of (i) and (ii) come from fact every open set is 

a fuzzy 𝛬 −  𝑠𝑒𝑡.  

Remark 3.3. The following diagram of the implication is 

true.                          

                                 Fuzzy regular open 

                                              

                              Fuzzy open set       Fuzzy 𝑅 − 𝛬 − 𝑠𝑒𝑡               

 

                                                 Fuzzy Λ −  set                

                                                                                      

                         Fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡        Fuzzy 𝑠 − 𝛬 −  𝑠𝑒𝑡 

                                            Diagram 1.   

The converse of these implications in Diagram1 are not 

true as shown in the next example. 

Example 3.4. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

 𝜆(𝑎)  =  0.2,             𝜆(𝑏)  =  0.3,          𝜆(𝑐)  =  0.5,                                                                                                                                                                                    

µ(𝑎)  =  0.1,             µ(𝑏)  =  0.4,           µ(𝑐)  =  0.5,    

𝑦(𝑎)  =  0.2,             𝑦(𝑏)  =   0.1,          𝑦(𝑐)  =  0.4. 

Consider the fuzzy topology 𝑇 = {0, 𝜆, 1}. Clearly, µ is a 

fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡 because  µ ≥ µV𝛬 = 0 . Since µ𝛬 ≠ µ 

and hence µ is not a fuzzy 𝛬 −  𝑠𝑒𝑡. Also 𝑦 is a fuzzy     

𝑠 − 𝛬 −  𝑠𝑒𝑡 because 𝑦 ≥ 𝑦𝛬V = 0. Since 𝑦𝛬 ≠ 𝑦 and 

hence y is not a fuzzy 𝛬 −  𝑠𝑒𝑡. 

Remark 3.5. The fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡𝑠 and fuzzy 𝑠 − 𝛬 −

 𝑠𝑒𝑡𝑠 are independent notions as shown in the following 

example. 

Example 3.6. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:   

𝜆(𝑎)  =   .1,              𝜆(𝑏)  =   0.6,           𝜆(𝑐)  =  0.5,                                                                                                                                                                         

µ(𝑎)  =  0.3,             µ(𝑏)  =  0.7,           µ(𝑐)  =  0.3,       

𝑦(𝑎)  =    0,               𝑦(𝑏)  =  0.5,           𝑦(𝑐)  =  0.5. 

Consider the fuzzy topology 𝑇 = {0, 𝜆, 1}. Clearly, µ is a 

fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡 but is not a fuzzy 𝑠 − 𝛬 −  𝑠𝑒𝑡 and 𝑦 

is a fuzzy 𝑠 − 𝛬 −  𝑠𝑒𝑡 but is not a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡. 

Theorem 3.7. Let λ be a fuzzy set of a fuzzy topological 

space (𝑋, 𝑇). Then  

(i)  λ is a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡 if and only if there 

exists a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡 υ such that 𝜆V ≤ 𝑣 ≤

𝜆. 

(ii)   λ is a fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡 if and only if there 

exists a fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡 υ such that 𝑣V  ≤

𝜆 ≤ 𝑣. 

    Proof.  

(i) Let λ is a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡 of a space (𝑋, 𝑇), 

then 𝜆 ≥ 𝜆V𝛬. We put υ = 𝜆V𝛬  be a fuzzy 𝑝 −

𝛬 − 𝑠𝑒𝑡 and    𝜆 ≥ 𝜆V𝛬  = υ ≥ 𝜆V.   
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Conversely, if v is a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡 such that 

𝜆V ≤ 𝑣 ≤ 𝜆, thenn λ ≥  v ≥  𝑣V𝛬 ≥ 𝜆V𝛬  and 

thus λ is a fuzzy  𝑝 − 𝛬 − 𝑠𝑒𝑡.  

(ii) Let λ is a fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡 of a space (𝑋, 𝑇), 

then  𝜆 ≥ 𝜆𝛬𝑉 . We put 𝑣 = 𝜆𝛬 be a fuzzy 𝑠 −

𝛬 − 𝑠𝑒𝑡 and 𝑣V = 𝜆ΛV ≤ 𝜆 ≤ 𝜆Λ = 𝑣.  

Conversely, if v is a fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡 such that 

𝑣V  ≤ 𝜆 ≤ 𝑣, then 𝑣 ≥  𝑣ΛV ≥ 𝜆ΛV. Since 𝑣V is 

the largest fuzzy closed set contained in v, we 

have  𝜆ΛV ≤ 𝑣V ≤ 𝜆 and hence λ is a fuzzy 𝑠 −

𝛬 − 𝑠𝑒𝑡.  

Corollary 3.8. Let λ be a fuzzy set of a fuzzy topological 

space (𝑋, 𝑇). Then 

(i) λ is a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡 if and only if there exists a 

fuzzy 𝛬 − 𝑠𝑒𝑡 υ such that 𝜆V ≤ 𝑣 ≤ 𝜆.   

(ii) λ is a fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡 if and only if there exists a 

fuzzy 𝛬 −  𝑠𝑒𝑡 υ such that 𝑣V ≤ 𝜆 ≤ 𝑣. 

Theorem 3.9. Let (𝑋, 𝑇) be a fuzzy topological space and 

𝜆𝑖 ∈ 𝐹p − Λ(𝑋), , then          ∩  { 𝜆𝑖: i ∈ 𝐼}  ∈ 𝐹p − Λ(𝑋), 

for each  𝑖 ∈ 𝐼. 

   Proof. 

Let 𝜆𝑖 is a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡, then  𝜆𝑖 ≥ 𝜆𝑖
V𝛬

 implies that 

∩𝑖∈𝐼 𝜆𝑖 ≥ ∩𝑖∈𝐼 𝜆𝑖
V𝛬

 

Therefore   ∩𝑖∈𝐼 𝜆𝑖 ≥ ((∩𝑖∈𝐼 𝜆𝑖)
V)Λ = (∩i ∈𝐼 𝜆𝑖 ) V𝛬 . 

Hence ∩𝑖∈𝐼 𝜆𝑖 ∈ 𝐹p − Λ(X).   

Theorem 3.10. Let (𝑋, 𝑇) be a fuzzy topological space 

and  𝜆𝑖 ∈ 𝐹s − Λ(X), then ∩  { 𝜆𝑖: i ∈ 𝐼}  ∈ 𝐹s − Λ(X), 

for each  𝑖 ∈ 𝐼. 

Proof. Similarly as that of Theorem 3.9. 

Remark 3.11. The union of fuzzy 𝑝𝑟𝑒 − 𝛬 −
(resp. 𝑠𝑒𝑚𝑖 − 𝛬 −) sets need not be a fuzzy 𝑝𝑟𝑒 − 𝛬 −

(resp.  𝑠𝑒𝑚𝑖 −  𝛬−) set .This can be shown by the 

following examples. 

Example 3.12. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

   𝜆(𝑎)  =  0.6,             𝜆(𝑏)  =  0.4,           𝜆(𝑐)  =  0.8,                                                                                                                                                          

   µ(𝑎)  =  0.5,             µ(𝑏)  =  0.6,           µ(𝑐)  =  0.1, 

  𝑦(𝑎)  =   0.2,            𝑦(𝑏)  =  0.5,          𝑦(𝑐)  =  0.4. 

Let 𝑇 = {0, 𝜆, 1} be a fuzzy topology on 𝑋. Clearly µ and 

y are fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡𝑠, because µ ≥ µV𝛬 = 0 and  𝑦 ≥

𝑦V𝛬     = 0. Also we have (µ ∪ 𝑦)V = 𝜆𝑐  and (µ ∪ 𝑦) ≱

(µ ∪ 𝑦)V𝛬 = 1. Which shows that  µ ∪ 𝑦 is not a fuzzy 

𝑝 − 𝛬 − 𝑠𝑒𝑡. 

Example 3.13. Let 𝑋 = {𝑎, 𝑏, 𝑐} and  µ1, µ2,  µ3 and µ4 be 

fuzzy sets of 𝑋 defined as follows:  

    µ1(𝑎)  =    1,              µ1(𝑏)  =     1,          µ1(𝑐)  =  0.6,                                                                                                                                                          

    µ2(𝑎)  =  0.1,            µ2 (𝑏)  =  0.4,         µ2 (𝑐)  =   1, 

   µ3(𝑎)  =    1,              µ3 (𝑏)  =  0.7,         µ3 (𝑐)  =   0.6, 

   µ4(𝑎)  =  0.1,             µ4 (𝑏)  =  0.3,        µ4 (𝑐)  =   0.8. 

.Let 𝑇 = {0,  µ1, µ2,  µ1 ∩  µ2, 1} be a fuzzy topology on 

𝑋. Clearly  µ3 and  µ4 are fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡𝑠 , because 

  µ3  ≥  µ3
𝛬V     = ( µ1 ∩  µ2) 𝑐 and  µ4 ≥ 𝑧𝛬V    =  µ1

𝑐. 

Also we have ( µ3 ∪ µ4) ≱ ( µ3 ∪ µ4)𝛬V = 1. Which 

shows that  µ3 ∪ µ4 is not a fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡. 

Lemma 3.14.  For every fuzzy set 𝜆 ∈  𝐹𝑝 − 𝛬(𝑋), then 

𝜆∨ =  𝜆V𝛬V  .                     

Proof.  Let  ∈ 𝐹𝑝 − 𝛬(𝑋) , then 𝜆 ≥ 𝜆𝑉𝛬 and   𝜆∨  ≥

𝜆V𝛬V  thus 𝜆∨  = 𝜆V𝛬V. 

The next remark gives us the relationship between fuzzy 

preopen (resp. semi − open ) sets with fuzzy pre −

 Λ − (resp. semi −  Λ−) sets.  

Remark 3.15. The fuzzy pre − open (resp. semi −

open) sets andfuzzy𝑝𝑟𝑒 − 𝛬 − (resp. 𝑠𝑒𝑚𝑖 − 𝛬−) sets 

are independent notions. We can show that from the 

following examples .   

 Example 3.16.  Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

 𝜆(𝑎)  =  0.6,             𝜆(𝑏)  =  0.4,           𝜆(𝑐)  =  0.8,                                                                                                                                                          

 µ(𝑎)  =  0.3,             µ(𝑏)  =  0.6,           µ(𝑐)  =  0.1, 

𝑦(𝑎)  =   0.5,            𝑦(𝑏)  =  0.6,            𝑦(𝑐)  =  0.4. 

Let 𝑇 = {0, 𝜆, 1} be a fuzzy topology on 𝑋. Then µ is a 

fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡 but is not a fuzzy preopen set and y is 

a fuzzy proopen set but is not a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡.  

Example 3.17.  Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

  𝜆(𝑎)  =  0.4,             𝜆(𝑏)  =  0.4,           𝜆(𝑐)  =  0.5,                                                                                                                                                          

  µ(𝑎)  =  0.2,             µ(𝑏)  =  0.4,           µ(𝑐)  =  0.5, 

𝑦(𝑎)  =   0.4,            𝑦(𝑏)  =  0.5,            𝑦(𝑐)  =  0.5. 

Let 𝑇 = {0, 𝜆, 1} be a fuzzy topology on 𝑋. Then µ is a 

fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡 but is not a fuzzy semiopen set and y 

is a fuzzy semiopen set but is not a fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡.  

4. Fuzzy 𝒑𝒓𝒆 −  𝑽 − and fuzzy 𝒔𝒆𝒎𝒊 −

                         𝑽 −  𝒔𝒆𝒕𝒔  . 

Definition 4.1. A fuzzy set λ of a fuzzy topological space 

is called: 

(i) Fuzzy 𝑝𝑟𝑒 − 𝑉 − 𝑠𝑒𝑡(𝑝 − 𝑉 − 𝑠𝑒𝑡) If 𝜆 ≤ 𝜆ΛV. 

(ii) Fuzzy 𝑠𝑒𝑚𝑖 − 𝑉 −  𝑠𝑒𝑡 ( 𝑠 − 𝑉 −  𝑠𝑒𝑡 ) if 𝜆 ≤

𝜆V𝛬. 

The family of all fuzzy 𝑝𝑟𝑒 − 𝑉 ( resp. 𝑠𝑒𝑚𝑖 − 𝑉) sets 

will be denoted by      F𝑝 −  𝑉(𝑋) (resp. 𝐹𝑠 −  𝑉 (𝑋)) . 
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  Proposition 4.2. Let λ be a fuzzy set of a fuzzy 

topological space (𝑋, 𝑇), then the followings hold:  

(i) Every fuzzy 𝑉 − 𝑠𝑒𝑡 is a fuzzy 𝑝 − 𝑉 − 𝑠𝑒𝑡. 

(ii) Every fuzzy 𝑉 −  𝑠𝑒𝑡 is a fizzy 𝑠 − 𝑉 −  𝑠𝑒𝑡. 

(iii) Every fuzzy closed set is a fuzzy 𝑝 − 𝑉 − 𝑠𝑒𝑡. 

(iv) Every fuzzy closed set is a fuzzy 𝑠 − 𝑉 − 𝑠𝑒𝑡. 

Remark 4.3. The following diagram of the implication is 

true. 

                                 Fuzzy regular closed 

                                              

                              Fuzzy closed set       Fuzzy 𝑅 − V − 𝑠𝑒𝑡               

 

                                                 Fuzzy V −  set                

                                                                                      

                      Fuzzy 𝑝 − V − 𝑠𝑒𝑡               Fuzzy𝑠 − V − 𝑠𝑒𝑡                              

                                              Diagram 2 .  

The converse of these implications in Diagram 2 are not 

true as shown in the next example.  

Example 4.4. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

      𝜆(𝑎)  =  0.2 ,             𝜆(𝑏)  =  0.3,           𝜆(𝑐)  =  0.5,                                                                                                                                                          

      µ(𝑎)  =  0.9,             µ(𝑏)  =  0.6,           µ(𝑐)  =  0.5, 

      𝑦(𝑎)  =  0.8,             𝑦(𝑏)  =  0.9,            𝑦(𝑐)  =  0.6. 

Consider the fuzzy topology 𝑇 = {0, 𝜆, 1}. Clearly, µ is a 

fuzzy 𝑝 − V − 𝑠𝑒𝑡 because µ ≤ µ𝛬V = 1 . Since µV ≠ µ  

and hence µ is not a fuzzy 𝑉 −  𝑠𝑒𝑡. Also y is a fuzzy  𝑠 −

𝑉 −  𝑠𝑒𝑡 because  𝑦 ≤ 𝑦V𝛬 = 1. Since 𝑦V ≠ 𝑦  and hence 

y is not a fuzzy V – 𝑠𝑒t . 

Remark 4.5. The fuzzy 𝑝 − V − 𝑠𝑒𝑡𝑠 and fuzzy 𝑠 − V −

 𝑠𝑒𝑡𝑠 are independent notions as shown in the following 

example.  

Example 4.6. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

     𝜆(𝑎)  =   1,             𝜆(𝑏)  =  0.6,          𝜆(𝑐)  =  0.5,                                                                                                                                                          

     µ(𝑎)  =  0.7,           µ(𝑏)  =  0.3,          µ(𝑐)  =  0.7, 

     𝑦(𝑎)  =   1,             𝑦(𝑏)  =  0.5,           𝑦(𝑐)  =  0.5. 

Consider the fuzzy topology 𝑇 = {0, 𝜆, 1}. Clearly, µ is a 

fuzzy 𝑝 − V − 𝑠𝑒𝑡 but is not a fuzzy 𝑠 − V −  𝑠𝑒𝑡 and y is 

a fuzzy 𝑠 − V −  𝑠𝑒𝑡 but is not a fuzzy 𝑝 − V − 𝑠𝑒𝑡. 

Theorem 4.7. Let λ be a fuzzy set of a fuzzy space 𝑋. 

Then λ is a fuzzy 𝑝 − V −  (resp. 𝑠 − 𝑉−) set if and only 

if 𝜆𝑐  is a fuzzy 𝑝 − 𝛬 −  (resp. 𝑠 − 𝛬−) set.  

Proof.  Obvious .  

 

Theorem 4.8. Let λ be a fuzzy set of a fuzzy topological 

space (𝑋, 𝑇). Then  

(i) λ is a fuzzy 𝑝 − V − 𝑠𝑒𝑡 if and only if there exists a 

fuzzy 𝑝 − 𝑉 − 𝑠𝑒𝑡 υ such that     𝜆 ≤ 𝑣 ≤ 𝜆Λ. 

(ii)  λ is a fuzzy 𝑠 − V − 𝑠𝑒𝑡 if and only if there exists a 

fuzzy s−V−𝑠𝑒𝑡 υ such that             𝑣 ≤ 𝜆 ≤ 𝑣Λ.                 

Proof.  

(i) Let λ is a fuzzy 𝑝 − V − 𝑠𝑒𝑡 of a space (𝑋, 𝑇), then 

𝜆 ≤ 𝜆𝛬𝑉 . We put 𝜐 = 𝜆𝛬𝑉   be a fuzzy 𝑝 − 𝑉 − 𝑠𝑒𝑡 

and  𝜆 ≤  𝜆𝛬𝑉  = 𝑣 ≤ 𝜆𝛬 . 

Conversely, if υ is a fuzzy 𝑝 − 𝑉 − 𝑠𝑒𝑡 such that 𝜆 ≤

𝑣 ≤ 𝜆Λ,then 𝜆 ≤ 𝑣 ≤ 𝑣𝛬𝑉 ≤ 𝜆𝛬𝑉 and thus λ is a 

fuzzy  𝑝 − V − 𝑠𝑒𝑡.  

(ii) Let λ is a fuzzy 𝑠 − V − 𝑠𝑒𝑡 of a space (𝑋, 𝑇), then 

  𝜆 ≤ 𝜆∨𝛬 . We put 𝜐 = 𝜆𝑉  be a fuzzy 𝑠 − V −

𝑠𝑒𝑡 and 𝜆V = 𝑣 ≤ 𝜆 ≤ 𝜆VΛ = 𝑣𝛬. 

Conversely, if υ is a fuzzy 𝑠 − V − 𝑠𝑒𝑡 such that 𝑣 ≤

𝜆 ≤ 𝑣𝛬, then υ ≤  𝑣V𝛬  ≤ 𝜆V𝛬. Since 𝑣𝛬 is the 

smallest fuzzy open set contained υ, thus  𝜆 ≤ 𝑣𝛬  ≤

𝜆VΛ and hence λ is a fuzzy 𝑠 − V − 𝑠𝑒𝑡.  

Corollary 4.9. Let λ be a fuzzy set of a fuzzy topological 

space (𝑋, 𝑇). Then 

(i) λ is a fuzzy 𝑝 − V − 𝑠𝑒𝑡 if and only if there exists a 

fuzzy 𝑉 −𝑠𝑒𝑡 υ such that  𝜆 ≤ 𝑣 ≤ 𝜆Λ. 

(ii)  λ is a fuzzy 𝑠 − V − 𝑠𝑒𝑡 if and only if there exists a 

fuzzy 𝑉 −𝑠𝑒𝑡 υ such that 𝑣 ≤ 𝜆 ≤ 𝑣Λ. 

Theorem 4.10. Let (𝑋, 𝑇) be a fuzzy topological space 

and 𝜆𝑖  ∈ 𝐹p − V(𝑋), then ∪ { 𝜆𝑖: i ∈ 𝐼}  ∈ 𝐹p − V(X), 

for each 𝑖 ∈ 𝐼. 

Proof. 

 Let 𝜆𝑖  is a fuzzy 𝑝 − V − 𝑠𝑒𝑡, then 𝜆𝑖 ≤ 𝜆𝑖
𝛬V

 implies that 

∪𝑖∈𝐼 𝜆𝑖 ≤ ∪𝑖∈𝐼 𝜆𝑖
𝛬V therefore∪𝑖∈𝐼  𝜆𝑖 ≤ ((∪𝑖∈𝐼  𝜆𝑖) Λ)V =

(∪i ∈𝐼 𝜆𝑖 ) 𝛬𝑣 . Hence  ∪𝑖∈𝐼 𝜆𝑖  ∈ 𝐹p − V(X). 

Theorem 4.11. Let (𝑋, 𝑇) be a fuzzy topological space 

and  𝜆𝑖 ∈ 𝐹s − V(X),  then ∪ { 𝜆𝑖: i ∈ 𝐼}  ∈ 𝐹s − V(X), 

for each 𝑖 ∈ 𝐼. 

Proof. Similarly as that of proof 4.10.   

Remark 4.12. The intersection of fuzzy 𝑝𝑟𝑒 − V −

(resp. 𝑠𝑒𝑚𝑖 − V−) sets need not be a fuzzy 𝑝𝑟𝑒 − V −

(resp. 𝑠𝑒𝑚𝑖 − V−) set .This can be shown by the 

following examples. 

Example 4.13. Let λ, µ and y be fuzzy sets of fuzzy space 

(𝑋, 𝑇) as defined in Example 3.12.  From Example 3.12, 

and Theorem 4.7, we get µ𝑐 and 𝑦𝑐 are fuzzy 𝑝 − V −

𝑠𝑒𝑡𝑠. But  µ𝑐 ∩ 𝑦𝑐 = ( µ ∪  y)𝑐 is not a fuzzy 𝑝 − V −

𝑠𝑒𝑡, because µ ∪ 𝑦 is not a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡. 
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Example 4.14. Let  µ1, µ2,  µ3 and µ4 be fuzzy sets of 

fuzzy space (𝑋, 𝑇) as defined in Example 3.13. From 

Example 3.13, and Theorem 4.7, we get  µ3
𝑐 and  µ4

𝑐 are 

fuzzy 𝑠 − V − 𝑠𝑒𝑡𝑠. But  µ3
𝑐 ∩  µ4

𝑐 = ( µ3 ∪  µ4)𝑐  is not 

a fuzzy 𝑠 − V − 𝑠𝑒𝑡, because  µ3 ∪  µ4 is not a fuzzy 𝑠 −

𝛬 − 𝑠𝑒𝑡. 

Theorem 4.15. Let 𝜆 be a fuzzy set of a fuzzy space 𝑋. 

Then λ is a fuzzy 𝑠 −  V − 𝑠𝑒𝑡 if and only if 𝜆Λ = 𝜆VΛ . 

   Proof.  

Let λ be a fuzzy 𝑠 − V − 𝑠𝑒𝑡, then 𝜆 ≤ 𝜆VΛ implies      

𝜆Λ ≤ (𝜆VΛ)Λ = 𝜆VΛ.  Therefore, 𝜆Λ = 𝜆VΛ. Conversely, 

let λ be a fuzzy set such that 𝜆Λ = 𝜆VΛ, then 𝜆 ≤ 𝜆𝛬 =

𝜆𝑉𝛬, that is λ is a fuzzy 𝑠 −  V − 𝑠𝑒𝑡.   

The next remark gives us the relationship between fuzzy 

preclosed (resp. semi − closed ) sets with fuzzy pre −

 V −   (resp. semi −  V−) sets.  

Remark 4.16. The fuzzy pre − closed (resp. semi −

closed) sets and fuzzy 𝑝𝑟𝑒 −  V −   (resp. 𝑠𝑒𝑚𝑖 −

 V−) sets are independent notions. We can show that 

from the following examples. 

Example 4.17. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

   𝜆(𝑎)  =  0.6,             𝜆(𝑏)  =  0.4,           𝜆(𝑐)  =  0.8,                                                                                                                                                          

   µ(𝑎)  =  0.7,             µ(𝑏)  =  0.4,           µ(𝑐)  =  0.9, 

    𝑦(𝑎)  = 0.5,            𝑦(𝑏)  =  0.4,           𝑦(𝑐)  =  0.6. 

Let 𝑇 = {0, 𝜆, 1} be a fuzzy topology on 𝑋. Then µ is a 

fuzzy 𝑝 −  V − 𝑠𝑒𝑡 but is not a fuzzy preclosed set and 

y is a fuzzy preclosed set but is not a fuzzy 𝑝 −  V − 𝑠𝑒𝑡.  

Example 4.18. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

    𝜆(𝑎)  =  0.4,             𝜆(𝑏)  =  0.4,           𝜆(𝑐)  =  0.5,                                                                                                                                                          

    µ(𝑎)  =  0.8,             µ(𝑏)  =  0.6,           µ(𝑐)  =  0.5, 

    𝑦(𝑎)  =   0.6,            𝑦(𝑏)  =  0.5,            𝑦(𝑐)  =  0.5. 

Let 𝑇 = {0, 𝜆, 1} be a fuzzy topology on 𝑋. Then µ is a 

fuzzy 𝑠 −  V − 𝑠𝑒𝑡 but is not a fuzzy semiclosed set and 

y is a fuzzy semiclosed set but is not a fuzzy 𝑠 −  V −

𝑠𝑒𝑡.  

5. Some operators using fuzzy 𝐩𝐫𝐞 − 𝜦 −

(𝐫𝐞𝐬𝐩. 𝐟𝐮𝐳𝐳𝐲 𝐩𝐫𝐞 −  𝐕 −) 𝐬𝐞𝐭𝐬 and        

fuzzy 𝐬𝐞𝐦𝐢 − 𝜦 − (𝐫𝐞𝐬𝐩. 𝐟𝐮𝐳𝐳𝐲 𝐬𝐞𝐦𝐢 −

                           𝐕 −) 𝐬𝐞𝐭𝐬. 

Definition 5.1. Let λ be a fuzzy set of a fuzzy topological 

space 𝑋. Then the fuzzy sets  𝑝Λ(𝜆) and 𝑠Λ(𝜆)  are defined 

as: 

 𝑝Λ(𝜆) = ∩ {𝜐 ∶  𝜐 ≥  𝜆, 𝜐 𝑖𝑠 𝑎 fuzzy 𝑝𝑟𝑒 −  𝛬 − 𝑠𝑒𝑡 } 

And 𝑠Λ(𝜆) = ∩ {𝜐 ∶  𝜐 ≥  𝜆, 𝜐 𝑖𝑠 𝑎 fuzzy 𝑠𝑒𝑚𝑖 −  𝛬 −

𝑠𝑒𝑡 }. 

We can say that 𝑝Λ(𝜆) and 𝑠Λ(𝜆) is the smallest fuzzy 

𝑝𝑟𝑒 −  𝛬 − 𝑠𝑒𝑡 and 𝑠𝑒𝑚𝑖 −  𝛬 − 𝑠𝑒𝑡 of 𝑋 containing λ, 

respectively. 

Theorem 5.2. Let λ be a fuzzy set of a fuzzy space 𝑋. 

Then 

(i) λ is a fuzzy 𝑝𝑟𝑒 −  𝛬 − 𝑠𝑒𝑡 if and only if 𝜆 =

𝑝𝛬(𝜆), 

(ii) λ is a fuzzy 𝑠𝑒𝑚𝑖 −  𝛬 − 𝑠𝑒𝑡 if and only if 𝜆 =

𝑠𝛬(𝜆), 

     proof. 

(i) Let λ be a fuzzy 𝑝 −  𝛬 − 𝑠𝑒𝑡 of 𝑋, then λ is the 

smallest fuzzy 𝑝 −  𝛬 − 𝑠𝑒𝑡 contains itself. 

Thus 𝜆 =  𝑝𝛬(𝜆). Conversely, if 𝜆 = 𝑝𝛬(𝜆), 

then obviously λ is a fuzzy 𝑝𝑟𝑒 −  𝛬 − 𝑠𝑒𝑡.  

(ii) The proof is similar to the proof of (i). 

Theorem 5.3. Let λ, µ and 𝜆𝑖  (𝑖 ∈ 𝐼) be fuzzy sets of a 

fuzzy space 𝑋. Then the followings hold: 

(i) 𝜆 ≤ 𝑝𝛬(𝜆) ≤ 𝜆𝛬 ,  𝜆 ≤ 𝑠𝛬(𝜆) ≤ 𝜆𝛬;                         

(ii) If 𝜆 ≤ µ, then 𝑝𝛬(𝜆) ≤ 𝑝𝛬(µ) and 𝑠𝛬(𝜆)  ≤

𝑠𝛬(µ) ; 

(iii) 𝑝𝛬( 𝑝𝛬(𝜆) ) = 𝑝𝛬(𝜆)  and 𝑠𝛬( 𝑠𝛬(𝜆) ) =  𝑠𝛬(𝜆) ; 

(iv) 𝑝𝛬{ ∩ {𝜆𝑖 , 𝑖 ∈ 𝐼})  ≤ ∩ {𝑝𝛬(𝜆𝑖), 𝑖 ∈ 𝐼 } and 

𝑠𝛬{ ∩ {𝜆𝑖 , 𝑖 ∈ 𝐼})  ≤ ∩ {𝑠𝛬(𝜆𝑖), 𝑖 ∈ 𝐼 }; 

(v) 𝑝𝛬 {∪ {𝜆𝑖 , 𝑖 ∈ 𝐼})  ≥ ∪ {𝑝𝛬(𝜆𝑖), 𝑖 ∈ 𝐼 } and 

𝑠𝛬{ ∪ {𝜆𝑖 , 𝑖 ∈ 𝐼})  ≥ ∪ {𝑠𝛬(𝜆𝑖), 𝑖 ∈ 𝐼 }. 

Proof.  

We shall only consider the case of 𝑝Λ(𝜆). 

(i) Since 𝜆 ≤ 𝜆𝛬, then 𝜆 ≤ 𝑝𝛬(𝜆)  ≤ 𝑝𝛬(𝜆𝛬  ) and 

by Theorem 5.2, 𝑝Λ(𝜆𝛬  ) = 𝜆Λ  that is 𝜆 ≤

𝑝𝛬(𝜆)  ≤ 𝜆𝛬.   

(ii) If 𝜆 ≤ µ and by (i) we get 𝜆 ≤ µ ≤ 𝑝𝛬(µ). Since 

𝜆 ≤ 𝑝𝛬(𝜆) and 𝑝Λ(𝜆) is the smallest fuzzy 𝑝 −

𝛬 − 𝑠𝑒𝑡 contains λ. Hence   𝑝𝛬(𝜆)  ≤ 𝑝𝛬(µ).  

(iii) Let µ =  𝑝𝛬(𝜆). Since  𝑝Λ(µ) is a fuzzy 𝑝 −

 𝛬 − 𝑠𝑒𝑡, then   𝑝Λ(µ) = µ =  𝑝𝛬(𝜆). Thus 

𝑝Λ(𝑝𝛬(𝜆) = 𝑝Λ(𝜆).  

(iv) Let 𝜆 = ∩ {𝜆𝑖 , 𝑖 ∈ 𝐼}. Then 𝜆 ≤ 𝜆𝑖, for each i∈

𝐼, then from (ii) we have  𝑝Λ(𝜆) ≤ 𝑝Λ(𝜆𝑖), for 

each 𝑖 ∈ 𝐼, therefore 𝑝Λ( ∩ {𝜆𝑖 , 𝑖 ∈ 𝐼}) ≤   ∩

{𝑝Λ(𝜆𝑖), i ∈ 𝐼}. 

(v) Let 𝜆 = ∪ {𝜆𝑖 , 𝑖 ∈ 𝐼}. Then 𝜆 ≥ 𝜆𝑖 , for each i∈

𝐼, then from (ii) we have 𝑝Λ(𝜆)  ≥ 𝑝Λ(𝜆𝑖), for 

each i∈ 𝐼, therefore 𝑝Λ( ∪ {𝜆𝑖 , 𝑖 ∈ 𝐼}) ≥  ∪

{𝑝Λ(𝜆𝑖), i ∈ 𝐼}.  

Remark 5.4. In Theorem 5.3, the inclusion (iv) and (v) 

cannot be replaced by equality. It can be shown in 

following examples.  
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Example 5.5. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:          

𝜆(𝑎)  =  0.2,             𝜆(𝑏)  =  0.6,           𝜆(𝑐)  =  0.8,                                                                                                                                                          

µ(𝑎)  =  0.1,              µ(𝑏)  =   1,             µ(𝑐)  =  0.6, 

𝑦(𝑎)  =  0.8,             𝑦(𝑏)  =   0.6,          𝑦(𝑐)  =  0.7. 

Let 𝑇 = 0, 𝜆, 1 be a fuzzy topology on 𝑋. Then can be say 

that 𝑝Λ(µ ∩ 𝑦) = (µ ∩ 𝑦) ≠ µ = 𝑝Λ(µ) ∩ 𝑝Λ(𝑦) and 

𝑠Λ(µ ∩ y) = (µ ∩ y)  ≠ 1 = 𝑠Λ(µ) ∩ 𝑠Λ(𝑦) . 

Example 5.6. Let 𝜆, µ and y be fuzzy sets of fuzzy space 

(𝑋, 𝑇) as defined in Example 3.12, from Example 3.12, 

and Theorem 5.2, we get 𝑝Λ(µ) = µ and 𝑝Λ(𝑦) = 𝑦  but 

𝑝Λ(µ ∪ 𝑦) = 1 ≠ µ ∪ 𝑦 = 𝑝Λ(µ) ∪ 𝑝Λ(𝑦) .  

Example 5.7. Let  µ1, µ2,  µ3 and µ4 be fuzzy sets of fuzzy 

space (𝑋, 𝑇) as defined in Example 3.13, from Example 

3.13, and Theorem 5.2, we get 𝑠Λ(µ𝟑) = µ𝟑 and 𝑠Λ(µ4) =

µ4 but 𝑠Λ(µ3 ∪ µ4) = 1 ≠ µ3 ∪ µ4 = 𝑠Λ(µ3) ∪ 𝑠Λ(µ4) . 

Definition 5.8. Let λ be a fuzzy set of a fuzzy topological 

space 𝑋. Then the fuzzy sets  𝑝V(𝜆) and 𝑠V(𝜆)  are defined 

as: 

 𝑝V(𝜆 = ∪ {𝜐 ∶  𝜐 ≤  𝜆, 𝜐 𝑖𝑠 𝑎 fuzzy 𝑝𝑟𝑒 −  𝑉 − 𝑠𝑒𝑡 } 

  And 𝑠V(𝜆)  = ∪ [𝜐 ∶  𝜐 ≤  𝜆, 𝜐 𝑖𝑠 𝑎 fuzzy 𝑠𝑒𝑚𝑖 −  𝑉 −

𝑠𝑒𝑡 }. 

We can say that 𝑝V(𝜆) and 𝑠V(𝜆) is the largest fuzzy 

𝑝𝑟𝑒 −  𝑉 − 𝑠𝑒𝑡 and 𝑠𝑒𝑚𝑖 −  𝑉 − 𝑠𝑒𝑡 of X contained in 

λ , respectively .  

Theorem 5.9. Let λ be a fuzzy set of a fuzzy space 𝑋. 

Then 

(i) λ is a fuzzy 𝑝𝑟𝑒 −  V − 𝑠𝑒𝑡 if and only if 𝜆 =

𝑝𝑉(𝜆), 

(ii) λ is a fuzzy 𝑠𝑒𝑚𝑖 − V − 𝑠𝑒𝑡 if and only if 𝜆 =

𝑠𝑉(𝜆). 

   Proof. 

(i) Let λ be a fuzzy 𝑝 −  V − 𝑠𝑒𝑡 of 𝑋, then λ is 

the largest fuzzy 𝑝 −  𝑉 − 𝑠𝑒𝑡 contained in 

itself. Thus 𝜆 =  𝑝𝑉(𝜆). Conversely, if 𝜆 =

𝑝𝑉(𝜆), then obviously λ is a fuzzy 𝑝𝑟𝑒 −  V −

𝑠𝑒𝑡.  

(ii) The proof is similar to the proof of (i).  

Theorem 5.10. Let λ, µ and 𝜆𝑖  (𝑖 ∈ 𝐼) be fuzzy sets of a 

fuzzy space 𝑋. Then the followings hold: 

(i) 𝜆V ≤ 𝑝V(𝜆)  ≤ 𝜆,  𝜆V ≤ 𝑠𝑉 (𝜆)  ≤ 𝜆 ;                         

(ii) If 𝜆 ≤ µ, then 𝑝V(𝜆) ≤ 𝑝V(µ) and 𝑠𝑉 (𝜆) ≤

𝑠𝑉 (µ) ; 

(iii)  𝑝V (𝑝V(𝜆)) = 𝑝V(𝜆) and 𝑠𝑉 ( 𝑠𝑉 (𝜆)) = 𝑠𝑉 (𝜆);  

(iv) 𝑝V( ∩ {𝜆𝑖 , 𝑖 ∈ 𝐼})  ≤ ∩ {𝑝V(𝜆𝑖), 𝑖 ∈  𝐼} and  

𝑠𝑉 ( ∩ {𝜆𝑖 , 𝑖 ∈ 𝐼})  ≤   ∩ {𝑠𝑉 (𝜆𝑖), 𝑖 ∈  𝐼}; 

(v) 𝑝V( ∪ {𝜆𝑖 , 𝑖 ∈ 𝐼})  ≥ ∪ {𝑝V(𝜆𝑖), 𝑖 ∈  𝐼} and 

 𝑠𝑉 ( ∪ {𝜆𝑖 , 𝑖 ∈ 𝐼} )  ≥ ∪ {𝑠𝑉 (𝜆𝑖), 𝑖 ∈  𝐼}. 

       Proof.  

       We shall only consider the case of 𝑝V(𝜆). 

(i) Since 𝜆V ≤ 𝜆, then 𝑝V(𝜆V) ≤ 𝑝V(𝜆) ≤ 𝜆 and by 

Theorem 5.9, 𝑝V(𝜆V) = 𝜆V,that is 𝜆V𝑝V(𝜆)  ≤ 𝜆  

(ii) If 𝜆 ≤ µ and by (i) we have  𝑝V(𝜆) ≤ 𝜆 ≤ µ. 

Since 𝑝V(µ)  ≤ µ and 𝑝V(µ) is the largest fuzzy 

𝑝 −  𝑉 − 𝑠𝑒𝑡 contained in µ. Thus 𝑝V(𝜆) ≤

𝑝V(µ) .  

(iii) Let µ = 𝑝V(𝜆). Since 𝑝V(µ) is a fuzzy 𝑝 −  𝑉 −

set, then 𝑝V(µ) =  µ =  𝑝V(𝜆). Thus 

𝑝V(𝑝V(𝜆)) = 𝑝V(𝜆) . 

(iv) Let 𝜆 =∩ {𝜆𝑖 , 𝑖 ∈ 𝐼}. Then 𝜆 ≤ 𝜆𝑖, for each   

 𝑖 ∈ 𝐼, then from (ii) we have 𝑝V(𝜆) ≤ 𝑝V(𝜆𝑖), 

for each i∈ 𝐼, therefore 𝑝V( ∩ {𝜆𝑖 , 𝑖 ∈ 𝐼}) ≤ ∩

{𝑝V(𝜆𝑖), 𝑖 ∈  𝐼}.  

(v) Let 𝜆 =∪ {𝜆𝑖 , 𝑖 ∈ 𝐼}. Then 𝜆 ≥ 𝜆𝑖, for each 𝑖 ∈

𝐼, then from (ii) we have 𝑝V(𝜆) ≥ 𝑝V(𝜆𝑖), for 

each 𝑖 ∈ 𝐼, therefore 𝑝V( ∪ {𝜆𝑖 , 𝑖 ∈ 𝐼} ≥ ∪

{𝑝V(𝜆𝑖), 𝑖 ∈ 𝐼} .  

Remark 5.11. In Theorem 5.10, the inclusion (iv) and (v) 

cannot be replaced by equality. It can be shown in 

following examples.  

Example 5.12. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

      𝜆(𝑎)  =  0.2,             𝜆(𝑏)  =  0.6,           𝜆(𝑐)  =  0.8,                                                                                                                                                          

      µ(𝑎)  =  0.9,             µ(𝑏)  =   0,             µ(𝑐)  =  0.4, 

      𝑦(𝑎)  =  0.2,             𝑦(𝑏)  =   0.4,          𝑦(𝑐)  =  0.3. 

Let 𝜏 = {0, 𝜆, 1} be a fuzzy topology on 𝑋. Then can be 

say that 𝑝𝑉 (µ ∪ y) =  (µ ∪ y) ≠ µ = 𝑝𝑉(µ) ∪ 𝑝𝑉 (𝑦) and 

𝑠V(µ ∪ y) =  (µ ∪ y)  ≠ 0 =  𝑠V(µ) ∪ 𝑠V(𝑦). 

Example 5.13. Let 𝜆, µ and y be fuzzy sets of fuzzy space 

(𝑋, 𝜏) as defined in Example 5.13, from Example 5.13, 

and Theorem 5.9, we get 𝑝V(µ𝒄) = µ𝒄 and 𝑝V(𝑦𝑐) = 𝑦𝑐   

but 𝑝V(µ𝑐 ∩ 𝑦𝑐) =  0 ≠ µ𝑐 ∩ 𝑦𝑐 = 𝑝V(µ𝑐) ∩ 𝑝V(𝑦𝑐) .  

Example 5.14. Let  µ1, µ2,  µ3 and µ4 be fuzzy sets of 

fuzzy space (𝑋, 𝜏) as defined in Example 5.14, from 

Example 5.14. and Theorem 5.9, we get 𝑠V(µ3
𝒄) = µ3

𝒄 

and 𝑠V(µ4
𝑐) = µ4

𝑐but 𝑠V(µ3
𝑐 ∩ µ4

𝑐) = 0 ≠ µ3
𝑐 ∩ µ4

𝑐 =

𝑠V(µ3
𝑐) ∩ 𝑠V(µ4

𝑐) .  

Theorem 5.15. Let λ be a fuzzy set of a fuzzy topological 

space 𝑋. Then  

(i)  (𝑝Λ(𝜆) )𝑐 = 𝑝V(𝜆𝑐),                    

(𝑠Λ(𝜆) )𝑐 = 𝑠V(𝜆𝑐). 

(ii)   (𝑝V(𝜆) )𝑐 = 𝑝V(𝜆𝑐),                   

(𝑠V(𝜆) )𝑐 = 𝑠Λ(𝜆𝑐).  

     Proof.  

We shall prove only (𝑝Λ(𝜆) )𝑐 = 𝑝V(𝜆𝑐) . We have  

(𝑝Λ(𝜆) )𝑐 = ( ∩ {υ ∶  υ   υ is a fuzzy 𝑝𝑟𝑒 −  Λ − set })𝑐 

           = ∪ { υ𝑐: υ𝑐 ≤ 𝜆𝑐 , υ𝑐  𝑖𝑠 𝑎 fuzzy 𝑝𝑟𝑒 −  V − set } 

                          =  𝑝V(𝜆𝑐) .  
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Theorem 5.16. Let λ be a fuzzy set of a fuzzy topological 

space 𝑋. Then 

(i) 𝑝Λ(𝜆) ≥ λ ∪  𝜆VΛ ,                             

𝑝V(𝜆) ≤  𝜆 ∩ 𝜆ΛV                                

(ii) 𝑠Λ(𝜆)  =  𝜆 ∪ 𝜆ΛV.                            

𝑠V(𝜆)  =  𝜆 ∩ 𝜆ΛV. 

      Proof. 

(i) Since 𝜆 ≤ 𝑝𝛬(𝜆) and 𝑝Λ(𝜆) is a fuzzy 𝑝 − 𝛬 −

𝑠𝑒𝑡. Then   𝑝Λ(𝜆) ≥ (𝑝Λ(λ) )VΛ ≥ 𝜆VΛ, thus 

𝑝Λ(𝜆) ≥ 𝜆VΛ and 𝑝Λ(𝜆)  ≥ 𝜆 ∪ 𝜆VΛ. Also since 

𝜆 ≥ 𝑝V(𝜆) and 𝑝V(𝜆) is a fuzzy 𝑝 −  𝑉 − 𝑠𝑒𝑡. 

Then  𝑝V(𝜆)  ≤ (𝑝V(λ))ΛV ≤ 𝜆ΛV , thus 

𝑝V(𝜆)  ≤ 𝜆ΛV  and 𝑝V(𝜆) ≤  𝜆 ∩  𝜆ΛV .   

(ii) Since 𝜆 ≤ 𝑠𝛬(𝜆) and 𝑠Λ(𝜆) is a fuzzy 𝑠 − 𝛬 −

𝑠𝑒𝑡. Then  𝑠Λ(𝜆) ≥ (𝑠Λ(λ) )ΛV ≥ 𝜆ΛV, thus 

𝑠Λ(𝜆) ≥ 𝜆ΛV and 𝑠Λ(𝜆) ≥ 𝜆 ∪ 𝜆ΛV. Since  

𝜆ΛV ≤ 𝜆 ∪ 𝜆ΛV ≤ 𝜆Λ and by Corollary 3.8, we 

get  𝜆 ∪ 𝜆ΛV is a fuzzy 𝑠 − 𝛬 − 𝑠𝑒𝑡 and         

𝜆 ∪ 𝜆ΛV ≥ 𝜆. Thus  𝜆 ∪ 𝜆ΛV ≥ 𝑠Λ(𝜆) and hence 

𝑠Λ(𝜆) = 𝜆 ∪ 𝜆ΛV .  

              The proof of other part is similar.    

Remark 5.17.  In Theorem 5.16, the inclusion (i) cannot 

be replaced by equality. It can be shown in next example. 

Example 5.18. Let 𝑋 = {𝑎, 𝑏, 𝑐} and λ, µ and y be fuzzy 

sets of 𝑋 defined as follows:  

   𝜆(𝑎)  =  0.7,             𝜆(𝑏)  =  0.8,           𝜆(𝑐)  =  0.2,                                                                                                                                                          

   µ(𝑎)  =  0.2,             µ(𝑏)  =   0.2,          µ(𝑐)  =  0.6, 

    𝑦(𝑎)  =  0.8,             𝑦(𝑏)  =   0.7,         𝑦(𝑐)  =  0.6. 

 Let 𝜏 = {0, 𝜆, µ, 𝜆 ∩ µ, 𝜆 ∪ 𝜆, 1} be a fuzzy topology on 

𝑋. Then can be say that 𝑝Λ(𝑦) = 1 and 𝑦 ∪ 𝑦VΛ is not 

equal to 1 . And by Lemma 2.3, (vii) and Theorem 5.15, 

we get 𝑝V(𝑦𝑐) ≠ 𝑦𝑐 ∩ (𝑦𝑐)ΛV.  

Theorem 5.19. Let λ be a fuzzy set of a fuzzy topological 

space 𝑋. Then 

the following statements hold.  

(i) 𝑝Λ(𝜆V) = 𝜆V𝛬  ,                         𝑠Λ(𝜆V) = 𝜆V𝛬  

(ii) 𝑝V(𝜆𝛬) = 𝜆𝛬V ,                       𝑠V(𝜆𝛬) = 𝜆𝛬V  

(iii)   𝑝Λ(𝜆)) 𝛬 = 𝑝Λ(𝜆𝛬) = 𝜆𝛬  ,              

 (𝑠Λ(𝜆)) 𝛬  = 𝑠Λ(𝜆𝛬) = 𝜆𝛬  

(iv) (𝑝V(𝜆)) V   = 𝑝V(𝜆V) = 𝜆V                

(𝑠V(𝜆)) V = 𝑠Λ(𝜆V) = 𝜆V   

      Proof.  

We shall only consider the case of 𝑝Λ(𝜆)  and 𝑝V(𝜆).   

(i) By Theorem 5.3, we have 𝑝Λ(𝜆V) ≤  𝜆V𝛬    .  

                                                           …… (1)                                                                                                        

 Also we have 𝑝Λ(𝜆V)  is a fuzzy 𝑝 − 𝛬 − 𝑠𝑒𝑡, that is                                                                                                                                                                                                                                                                                                                      

 𝑝Λ(𝜆V)  ≥ ( 𝑝Λ(𝜆V))V𝛬 

                     ≥ (𝜆V)  V𝛬                                                      

                     = 𝜆V𝛬 .                                 …….. (2) 

      From (1) and (2) we get  𝑝Λ(𝜆V) = 𝜆V𝛬.  

(ii) By Theorem 5.10, we have 𝑝V(𝜆Λ) ≥  𝜆ΛV.                         

……. (3)                                     

Also we have 𝑝V(𝜆Λ)  is a fuzzy 𝑝 − 𝑉 − 𝑠𝑒𝑡, that is                                                                                                                                                                                                                                                                                        

 𝑝V(𝜆Λ) ≤ ( 𝑝Λ(𝜆Λ))ΛV 

                   ≤ (𝜆Λ)  ΛV 

                    = 𝜆ΛV.                     ………(4)  

      From (3) and (4) we get  𝑝v(𝜆Λ) = 𝜆ΛV.    

(iii) Since 𝜆 ≤ 𝑝Λ(𝜆), so 𝜆Λ ≤ (𝑝Λ(𝜆))Λ and we 

have 𝑝Λ(𝜆) ≤ 𝜆Λ, so (𝑝Λ(𝜆))Λ ≤ 𝜆Λ, thus 

(𝑝Λ(𝜆))Λ = 𝜆Λ. Also by Theorem 5.2, we 

get 𝑝Λ(𝜆𝛬) = 𝜆Λ. Hence               

(𝑝Λ(𝜆)) 𝛬 = 𝑝Λ(𝜆𝛬) = 𝜆Λ.  

(iv) Since 𝜆 ≥ 𝑝𝑉(𝜆), so 𝜆V ≥ (𝑝V(𝜆))V and we 

have 𝑝V(𝜆) ≥ 𝜆V, so (𝑝V(𝜆))v ≥ 𝜆v, thus 

(𝑝V(𝜆))V = 𝜆v. Also by Theorem 5.9, we 

get 𝑝V(𝜆V) = 𝜆V. Hence                   

(𝑝v(𝜆)) V = 𝑝V(𝜆V) = 𝜆v.  
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 مقالة بحثية 

 الضبابية  𝑠𝑒𝑚i−𝛬−sets  و 𝑝𝑟𝑒−𝛬−sets المجموعات من النوع حول 

 ،*1أنهار أحمد ناصر و 1رضوان محمد عقيل

 raqeel1976@yahoo.com؛ البريد الالكتروني: ، جامعة عدن، عدن، اليمنالعلوم عدن، كلّيةّ رياضياتقسم ال  1

 anharnasser724@gmail.com الالكتروني:؛ البريد أنهار أحمد ناصرالباحث الممثلّ: * 

 2023 مارس 31 / نشر في 2023 مارس 24  قبل في: / 2023 مارس 16 استلم في:

 المُلخّص 

الضبابية. قمنا    (set−V)  ( و𝛬−setناقش هذا البحث أنواع جديدة من المجموعات الشبه مفتوحة بالاعتماد على مفهوم المجموعات من نوع ) 

أنماط   وهيبتعريف  الخواص    .الضبابية  (𝑠𝑒𝑚i−V–set)و    𝑝𝑟𝑒−𝛬−set))  ،(𝑝𝑟𝑒−V–set)  ،(𝑠𝑒𝑚i−𝛬−set)  جديدة  دراسة  تمت 

ف والخصائص للمفاهيم المطروحة في هذا البحث إضافة الى ذلك تمت دراسة العلاقة بين المفاهيم وبعض المفاهيم المعروفة. أخيرا قمنا بتعري 

 داخلية وخارجية هذه المفاهيم وأنشأنا خواصها المختلفة. 

 الضبابية.  𝑠𝑒𝑚i−V−setsو  𝑠𝑒𝑚i−𝛬−sets ،𝑝𝑟𝑒−V−setو    Λ-set ،𝑝𝑟𝑒−Λ−setالمجموعات من النوع  الكلمات المفتاحية:
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