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Abstract 

Khan Et Al., presented a new kind of beta logarithmic function, we aim in this research article to introduce 

new extension of beta logarithmic function, Further, we study its fundamental properties and discuss diverse 

formulas of that extension such as integral representation, summation formula, transform formula and their 

statistical properties. Based on this concept, we introduce new hypergeometric and confluent hypergeometric 

functions and study their properties. 
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1. Introduction and Preliminaries 

Here, we introduce and investigate new extension of  

properties and representations of a extension of beta 

function known as beta logarithmic function a combined 

study of beta function (1.18) and logarithmic mean (1.1). 

The logarithmic mean defined as; 

𝐿(𝑐, 𝑑) = ∫ 𝑐1−𝑡

1

0

 𝑑𝑡  𝑑 

                       = {

𝑐 − 𝑑

log(𝑐) − log(𝑑)
          𝑐 ≠ 𝑑

𝑐                                     𝑐 = 𝑑

             (1.1) 

Classic Gaussian hypergeometric functions (see [1])   

are define 

𝐹(𝑥, 𝑦; 𝜔; 𝑧) = ∑
(𝑥)𝑛(𝑦)𝑛

(𝜔)𝑛

∞

𝑛=0

 
𝑧𝑛

𝑛!
,                                   (1.2) 

and the confluent hypergeometric functions (see [1]) is 

defined by  

𝛷(𝑦; 𝜔; 𝑧) = ∑
(𝑦)𝑛

(𝜔)𝑛

∞

𝑛=0

 
𝑧𝑛

𝑛!
 .                                             (1.3) 

where (𝜇)𝑛 (𝜇 ∈ ℂ) is the Pochhammer symbol defined by 

                        

(𝜇)𝑛 =
𝛤(𝜇 + 𝑛)

𝛤(𝜇)
 .                                                             (1.4) 

The Euler beta function    𝐵(𝑥, 𝑦) (see [1]) is defined by 

      𝐵(𝑥, 𝑦) = ∫ 𝑡𝑥−1 (1 −
1

0

𝑡)𝑦−1  𝑑𝑡                               (1.5) 

 

=
𝛤(𝑥)𝛤(𝑦)

𝛤(𝑥 + 𝑦)
  =  

(𝑥 − 1)! (𝑦 − 1)!

(𝑥 + 𝑦 − 1)!
,                             (1.6) 

where        (ℜ(𝑥) > 0   , ℜ(𝑦) > 0). 

In [4], introduced an extension of beta function defined by 

𝐵𝑝(𝑥, 𝑦) = ∫ 𝑡𝑥−1 (1 − 𝑡)𝑦−1 𝑒𝑥𝑝 (−
𝑝

𝑡(1 − 𝑡)
)

1

0

 𝑑𝑡, (1.7) 

where      ℜ(𝑝) ≥ 0    ,     (ℜ(𝑥) > 0   , ℛ(𝑦) > 0). 

 

In [5], used new extended beta function  𝐵𝑝(𝛼, 𝛿)  to 

introduced an extended hypergeometric and confluent 

hypergeometric function defined respectively as  

𝐹𝑝(𝑥, 𝑦, 𝜔; 𝑧) = ∑(𝛿1)𝑛  
𝐵𝑝(𝑥 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

  
𝑧𝑛

𝑛!
 ,    (1.8) 

       (𝑝 ≥ 0 ,   |𝑧| < 1 ,    ℜ(𝑥) > ℜ(𝑦) > 0) 

and 

Φ𝑝(𝑦; 𝜔; 𝑧) = ∑  
𝐵𝑝(𝑦 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

  
𝑧𝑛

𝑛!
,                   (1.9) 
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The integral representation for extended Gauss 

hypergeometric functions and extended confluent 

hypergeometric functions are defined as: 

𝐹𝑝(𝑥, 𝑦, 𝜔; 𝑧) =
1

𝐵(𝑦, 𝜔 − 𝑦)
 

∫ 𝑡𝑦−1

1

0

 (1 − 𝑡)𝜔−𝑦−1(1

− 𝑧𝑡)𝑥𝑒𝑥𝑝 (−
𝑝

𝑡(1 − 𝑡)
) 𝑑𝑡, (1.10) 

(𝑝 ≥ 0 ;    |𝑎𝑟𝑔 (1 − 𝑧) | < 1;    ℜ(𝜔) > ℜ(𝑦) > 0). 

Φ𝑝(𝑦; 𝜔; 𝑧) =
1

𝐵(𝑦, 𝜔 − 𝑦)
  

∫ 𝑡𝑦−1

1

0

 (1 − 𝑡)𝜔−𝑦−1𝑒𝑥𝑝 (𝑧𝑡 −
𝑝

𝑡(1 − 𝑡)
)  𝑑𝑡       (1.11) 

            

(𝑝 ≥ 0 ;       ℜ(𝜔) > ℛ(𝑦) > 0). 

In [9], introduced an extension of beta function using 

generalized Mittag-Leffler function as follow: 

𝐵𝛼,𝛽
𝑝,𝜇,𝑣(𝑥, 𝑦)

= ∫ 𝑡𝑥−1
1

0

(1

− 𝑡)𝑦−1𝐸𝛼,𝛽 (−
𝑝

𝑡𝑢(1 − 𝑡)𝑣
) 𝑑𝑡,                 (1.12) 

ℜ(𝑝) > 0, ℜ(𝑥) > 0 , ℜ(𝑦) > 0,

𝛼, 𝛽 ∈ ℝ0
+ , 𝜇, 𝑣 ∈ ℝ+. 

where 𝐸𝛼,𝛽(. ) is the generalized Mittag-Leffler function 

defined as [16] 

𝐸𝛼,𝛽(𝑥) = ∑
𝑥𝑛

Г(𝛼𝑛 + 𝛽)

∞

𝑛=0

 ,                               (1.13) 

where                      𝑥 ∈ ℂ  , 𝛼, 𝛽 ∈ ℝ0
+ . 

By using (1.12), we further extended the Gauss 

hypergeom- etric and confluent hypergeometric functions 

and their integral representation are defined as 

𝐹𝛼,𝛽
(𝑝,𝜇,𝑣)

(𝑥, 𝑦; 𝜔; 𝑧)

= ∑(𝑥)𝑛  
𝐵𝛼,𝛽

(𝑝,𝜇,𝑣)
(𝑥 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

  
𝑧𝑛

𝑛!
,   

                                                                                    (1.14) 

(𝑝 ≥ 0 , |𝑧| < 1 , 𝛼, 𝛽, 𝜇, 𝑣 ∈ ℝ+ ,   ℜ(𝜔) > ℜ(𝑦) > 0). 

Φ𝛼,𝛽
(𝑝,𝜇,𝑣)

(𝑦; 𝜔; 𝑧)

= ∑  
𝐵𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑦 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

𝑧𝑛

𝑛!
, (1.15) 

(𝑝 ≥ 0 ,   𝛼, 𝛽, 𝜇, 𝑣 ∈ ℝ+ ,   ℜ(𝜔) > ℜ(𝛿2) > 0). 

𝐹𝛼,𝛽
(𝑝,𝜇,𝑣)

(𝑥, 𝑦, 𝜔; 𝜏) =
1

𝐵(𝛿2, 𝜔 − 𝛿2)
∫ 𝑡𝑦−1(1 − 𝑡)𝜔−𝑦−1

1

−1

 

× (1 − 𝑧𝑡)−𝑥 𝐸𝛼,𝛽 (− 
𝑝

𝑡𝜇(1 − 𝑡)𝑣
) 𝑑𝑡,         (1.16) 

(𝑝 ∈ ℝ0
+, 𝛼, 𝛽, 𝛾, 𝜎, 𝜇, 𝑣 ∈ ℝ+ ;  𝑎𝑛𝑑   𝑎𝑟𝑔|1 − 𝑧| < 𝜋,

ℜ(𝜔) > ℜ(𝛿2) > 0) 

and 

Φ𝛼,𝛽
(𝑝,𝜇,𝑣)

(𝑦; 𝜔; 𝜏) =
1

𝐵(𝑦, 𝜔 − 𝑦)
∫ 𝑡𝑦−1(1 − 𝑡)𝜔−𝑦−1 𝑒𝑧𝑡  

1

−1

 

× 𝐸𝛼,𝛽 (− 
𝑝

𝑡𝜇(1 − 𝑡)𝑣
) 𝑑𝑡,            (1.17) 

(𝑝 ∈ ℝ0
+,   𝛼, 𝛽, 𝛾, 𝜎, 𝜇, 𝑣 ∈ ℝ+ ;     𝑅𝑒(𝜔) > 𝑅𝑒(𝑦) > 0) 

In [2], introduced a new extended Beta function in terms of 

the classical Mittag-Leffler function defined as 

𝐵𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦) = ∫ 𝑡𝑥−1
1

0

(1 − 𝑡)𝑦−1 

× 𝐸𝛼,𝛽
𝛾,𝜎

(−
𝑝

𝑡𝑢(1 − 𝑡)𝑣
) 𝑑𝑡,             (1.18) 

ℜ(𝑝) > 0,   ℜ(𝛿1) > 0 , ℜ(𝛿2) > 0,   𝛼, 𝛽, 𝛾, 𝜎 ∈ ℝ0
+ , 

 𝜇, 𝑣 ∈ ℝ+. 

where 𝐸𝛼,𝛽
𝛾,𝜎

 (. ) is the generalized Mittag-Leffler function 

defined as [15] 

𝐸𝛼,𝛽
𝛾,𝜌

 (𝑧) = ∑
(𝛾)𝜌𝑘

𝛤(𝛼𝑘 + 𝛽)

∞

𝑘=0

 
𝑧𝑘

𝑘!
                      (1.19) 

where   𝛼, 𝛽, 𝛾 ∈ ℂ, ℜ (𝛼), ℜ (𝛽) , ℜ (𝛾) > 0,   

 𝜌 ∈  (0, 1)  ∪  ℕ. 

Recently, Khan et al. [9] introduced the following 

definition 

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣)

(𝑐, 𝑑; 𝑥, 𝑦) = ∫  𝑐1−𝑡  𝑑𝑡  𝑡𝑥−1(1 − 𝑡)𝑦−1

1

0

 

𝐸𝛼,𝛽 (−
𝑝

𝑡𝑢(1 − 𝑡)𝑣
) 𝑑𝑡,                     (1.20) 

2. Main results 

In this section, we will introduce the new extension of the 

beta logarithmic function(1.20) and study its properties and 

representations. 

For any fixed  𝑐, 𝑑 > 0 the function 𝑡 → 𝑐1−𝑡  𝑑𝑡 is 

continous in [0, 1] and so it is bounded on [0, 1]. It means 

that there exist ℎ ≥ 0 and for any 𝑐, 𝑑, 𝑥, 𝑦 > 0, we have 

0 ≤ 𝑐1−𝑡  𝑑𝑡  𝑡𝑥−1(1 − 𝑡)𝒚−𝟏𝐸𝛼,𝛽
𝛾,𝜎

(−
𝑝

𝑡𝑢(1 − 𝑡)𝑣
)  

 ≤ ℎ 𝑡𝑥−1(1 − 𝑡)𝑦−1𝐸𝛼,𝛽
𝛾,𝜎

(−
𝑝

𝑡𝑢(1 − 𝑡)𝑣
) 
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 ∀ 𝑡 ∈  (0, 1) 

Thus, 𝑐1−𝑡  𝑑𝑡  𝑡𝑥−1(1 − 𝑡)𝑦−1𝐸𝛼,𝛽
𝛾,𝜎

(−
𝑝

𝑡𝑢(1−𝑡)𝑣) is 

integrable on (0, 1).Then we intr- oduce the following 

definition: 

Definition 2.1. For any 𝛼, 𝛽, 𝜇, 𝑣, 𝛾, 𝜎, 𝑐, 𝑑 ∈ ℝ+, we define 

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦) = ∫  𝑐1−𝑡  𝑑𝑡  𝑡𝑥−1(1 − 𝑡)𝑦−1

1

0

  

                                   × 𝐸𝛼,𝛽
𝛾,𝜎

(−
𝑝

𝑡𝑢(1−𝑡)𝑣) 𝑑𝑡              (2.1) 

(𝑝 ≥ 0 ,    ℜ(𝑥) > 0 , ℜ(𝑦) > 0). 

where 𝐸𝛼,𝛽
𝛾,𝜎

 (. ) is the generalized Mittag-Leffler function 

defined as (1.19). 

If we take 𝛾 = 1 𝑎𝑛𝑑 𝜎 = 1 in (2.1), we get the beta 

function introduced by (see [10]) i.e. 

      𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,1,1)

(𝑐, 𝑑; 𝑥, 𝑦) = 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣)

(𝑐, 𝑑, 𝑥, 𝑦)       (2.2) 

If we take 𝑐 = 1 𝑎𝑛𝑑 𝑑 = 1 in (2.1), we get the new result 

of beta function 

     𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(1,1; 𝑥, 𝑦) = 𝐵𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦)              (2.3) 

If  𝑐 = 𝑑 = 𝜎 = 𝛾 = 1 , in Eq. (2.1), we get the beta 

function introduced by (see [9, 11]) i.e. 

             𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,1,1)

(1,1; 𝑥, 𝑦) = 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣)

(𝑥, 𝑦)         (2.4) 

If we take 𝛼 = 𝛽 = 𝜇 = 𝑣 = 𝜎 = 𝛾 = 𝑐 = 𝑑 =

1 𝑎𝑛𝑑 𝑝 = 0  in (2.1), we get an Euler beta functions (1.5) 

(see [1, 6]) 

                𝐵 𝐿1,1
(0,1,1,1,1)(1,1; 𝑥, 𝑦) = 𝐵(𝑥, 𝑦)                  (2.5) 

If we choose 𝛼 = 𝛽 = 𝜇 = 𝑣 = 𝜎 = 𝛾 = 𝑥 = 𝑦 = 1  𝑎𝑛𝑑 

𝑝 = 0 in (2.1), then we get a logarithmic mean (1.1) 

                       𝐵 𝐿1,1
(0,1,1,1,1)(𝑐, 𝑑; 1,1) = 𝐿(𝑐, 𝑑)               (2.6) 

3. Properties of 𝑩𝑳𝜶,𝜷
(𝒑,𝝁,𝒗,𝜸,𝝈)

(𝒄, 𝒅; 𝒙, 𝒚) 

In this section we obtain some assertions  for 

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦)  

Theorem 3.1. For  𝛼, 𝛽, 𝑐, 𝑑, 𝑥, 𝑦 > 0 , the following 

assertions holds true: 

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦) = 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑑, 𝑐; 𝑥, 𝑦)         (3.1) 

   𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑐; 𝑥, 𝑦) = 𝑐 𝐵𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦)                  (3.2)                        

                       𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝜉𝑐, 𝜉𝑑; 𝑥, 𝑦) =

𝜉𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑑, 𝑐; 𝑥, 𝑦)    (3.3) 

Proof: Let 𝑡 = 1 − 𝑢 in equation (2.1), we obtain the above 

assertions. 

Theorem 3.2. For  𝛼, 𝛽, 𝑐, 𝑑, 𝑥, 𝑦 > 0, the following 

assertions holds true: 

  𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥 + 1, 𝑦) + 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦 + 1) 

                                   = 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦)            (3.4) 

Proof: By using the definition (2.1) to the left side of (3.4), 

we get the assertion (3.4). 

Remark 3.1.  If we take 𝛾 = 1 𝑎𝑛𝑑 𝜎 = 1 in (3.4), we get 

the beta function introduced by Khan et al. (see [10]) i.e. 

       𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣)

(𝑐, 𝑑; 𝑥 + 1, 𝑦) + 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,)(𝑐, 𝑑; 𝑥, 𝑦 + 1) 

                                     = 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,)(𝑐, 𝑑; 𝑥, 𝑦)              (3.5) 

Remark 3.2. If we set 𝛾 = 𝜎 = 𝑐 = 𝑑 = 1 in (3.4), we 

obtained the known result of (see [9])  

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣)

(𝑥 + 1, 𝑦) + 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,)(𝑥, 𝑦 + 1)                             

                                           = 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,)(𝑥, 𝑦)                (3.6) 

Remark 3.3. If we set 𝑐 = 𝑑 = 1 in (3.4), we obtained the 

following  new result  

  𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥 + 1, 𝑦) + 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦 + 1) 

                                     = 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦)                 (3.7) 

Theorem 3.3.  For any 𝛼, 𝛽, 𝑐, 𝑑, 𝑥, 𝑦 > 0, the following 

assertions holds true:  

min(𝑐, 𝑑) 𝐵𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦) ≤ 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦) 

                       ≤ max(𝑐, 𝑑) 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦).            (3.8) 

Proof: From the inequality, 

𝑚𝑖𝑛(𝑐, 𝑑) ≤ √𝑐𝑑 ≤ 𝐿(𝑐, 𝑑) ≤ (
𝑐+𝑑

2
) ≤ 𝑚𝑎𝑥(𝑐, 𝑑)   

                             and   𝐵𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

> 0, 

we get the following relation 

min(𝑐, 𝑑) 𝐵𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦) ≤ 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦)   (3.9) 

Using the following well known young’s inequality 

          𝑐1−𝑡  𝑑𝑡 ≤ 𝑐(1 − 𝑡) + 𝑑𝑡       ∀ 𝑡 ∈  (0, 1) 

we obtain      

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦) ≤ 𝑐𝐵 𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦 + 1) +

𝑑𝐵 𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥 + 1, 𝑦) ≤ 𝑚𝑎𝑥(𝑐, 𝑑) (𝐵 𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦 +

1) +                                                   𝐵 𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥 + 1, 𝑦)). 

Using the relation (3.6), we achieved the desired result. 

Theorem 3.4. For any 𝛼, 𝛽, 𝑐, 𝑑, 𝑥, 𝑦 > 0, the following 

assertions holds true: 
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𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦) = 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥 + 𝑛, 𝑦 + 1) 

(3.10) 

Proof: Using the series representation  (1 − 𝑡)−1 =
∑ 𝑡𝑛∞

𝑛=0 , for 𝑡 ∈ (0,1) with the arguments of uniform 

convergence of this power series, we have 

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦) = ∑ ∫  𝑐1−𝑡  𝑑𝑡  𝑡𝑥+𝑛−1(1 − 𝑡)𝑦

1

0

∞

𝑛=0

 

𝐸𝛼,𝛽
𝛾,𝜎

(−
𝑝

𝑡𝑢(1−𝑡)𝑣) 𝑑𝑡.         (3.11) 

Using the definition (2.1) in the above expression, we 

achieved the desired result. 

Theorem 3.5. Let 𝛼, 𝛽, 𝑐, 𝑑, 𝑥, 𝑦 > 0, the following 

representation holds true: 

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦)

= ∑
𝐵 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑥 + 𝑛, 𝑦 + 𝑚)

𝑚! 𝑛!

∞

𝑚,𝑛=0

 (log(𝑐))𝑚(log(𝑑))𝑛.   

(3.12) 

Proof: The following power series expansion 

𝑐1−𝑡 ∑
(log(𝑐))𝑚

𝑚!

∞

𝑚=0

 (1 − 𝑡)𝑚   ,    𝑑𝑡 ∑
(log(𝑑))𝑛

𝑛!

∞

𝑛=0

 𝑡𝑛 

using the above expansion in the result (2.1), we have 

  

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦) 

= ∫ ∑
(log(𝑐))𝑚(log(𝑑))𝑛

𝑚! 𝑛!

∞

𝑚,𝑛=0

 

1

0

𝑡𝑥+𝑛−1(1 − 𝑡)𝑦+𝑚−1 

                                               𝐸𝛼,𝛽
𝛾,𝜎

(−
𝑝

𝑡𝑢(1−𝑡)𝑣)  𝑑𝑡. 

Combined with the fact that the entire series converges 

uniformly, we can replace the order of the integral with the 

resulting infinite sum (3.12). 

Theorem 3.6. For any  𝑐, 𝑑, 𝜇, 𝑣, 𝛾, 𝜎 > 0 a, the following 

relation holds true: 

𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥, 𝑦) =

               2 ∫ (
𝑐

𝑑
)

cos2 𝜃

cos2𝑥−1 𝜃
𝜋

2
0

sin2𝑦−1 𝜃   

                    × 𝐸𝛼,𝛽
𝛾,𝜎(−𝑝(sec2 𝜃)𝜇(𝑐𝑜𝑠𝑒𝑐2 𝜃)𝑣)𝑑𝜃,      

(3.13) 

Proof: Let t = cos2 𝜃 in (2.1). After simplification, we 

obtain the desired result (3.13). 

4. The random variable of  logarithmic  beta 

function 𝑩𝑳𝜶,𝜷
(𝒑,𝝁,𝒗,𝜸,𝝈)

(𝒄, 𝒅; 𝒙, 𝒚) 

We will now describe the beta logarithmic distribution for 

(2.1) and calculate its average, spread, and ability to 

generate moments. 

For 𝛼, 𝛽, 𝑐, 𝑑, 𝑥, 𝑦 > 0, the beta logarithmic distribution is 

defined as 

𝑓(𝑡) = {

1

𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑥, 𝑦)

𝑐1−𝑡𝑑𝑡  𝑡𝑥−1 (1 − 𝑡)𝑦−1 

0,

 

            
× 𝐸𝛼,𝛽

𝛾,𝜎
(−

𝑝

𝑡𝑢(1−𝑡)𝑣)                          (0 < 𝑡 < 1)

 ⋯ ⋯ ⋯ ⋯ ⋯                                     𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
          

 (4.1) 

                   𝑐, 𝑑, 𝛼, 𝛽, 𝛾, 𝜎 ∈ ℝ+ ,    𝑝 ≥ 0. 

We have the  𝑘𝑡ℎ moment of a random variable 𝑋 defined 

as 

𝜌 = 𝔼(𝑋𝑘)

=
𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑 ; 𝑥 + 𝑑, 𝑦)

𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦)

,                       (4.2) 

When 𝑘 = 1, the mean is obtained as a special case of 

(4.2) given by 

𝜌 = 𝔼(𝑋)

=
𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑 ; 𝑥 + 1, 𝑦)

𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦)

,                     (4.3) 

The variance of a distribution is discuss as follows: 

                       𝜎2 = 𝔼(𝑋2) − {𝔼(𝑋)}2                               

=
𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦) + 𝐵𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥 + 2, 𝑦)

{𝐵𝐿
𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦)}

2           

                       −  
{𝐵𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥 + 1, 𝑦)}

2

{𝐵𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦)}

2                    (4.4) 

 The distribution's moment generating function (mgf) is 

defined as  

𝑀(𝑡) = ∑
𝑡𝑛

𝑛!

∞

𝑛=0

 𝔼(𝑋𝑛) =
1

𝐵 𝐿
𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦)

  

                       × ∑ 𝐵 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥

∞

𝑛=0

+ 𝑛, 𝑦)  
𝑡𝑛

𝑛!
.                                           (4.5) 

In this case, a well-known lemma comes to mind. 

Lemma 4.1. Let 𝒴 be a random variable with values that 

fall within a certain range [c, d]. 
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Then we have for all 𝜖 ∈ [𝑎, 𝑏]. 

           |𝑃(𝒴 ≤ 𝜖) −
𝑑−𝐸(𝑌)

𝑑−𝑐
| ≤

1

2
+

|𝜖−
𝑐+𝑑

2
|

𝑑−𝑐
                    (4.6) 

Proposition 4.2. Assume 𝑋 is a beta logarithmic random 

variable with parameters 

(𝑐, 𝑑; 𝑥, 𝑦). The following assumptions are true any 𝑘, 𝜖 >

0 : 

|𝑃(𝑋 ≤ 𝜖) −
𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦 + 1)

𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦)

| ≤
1

2
= |𝜖 −

1

2
| 

(4.7) 

and  

𝑃(𝑋𝑘 ≥ 𝜖) −
𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥 + 𝑘, 𝑦)

𝜖 𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦)

                    (4.8) 

proof: With the help of (3.4) and (4.3), we have 

𝜌 = 𝔼(𝑋) = 1 −
𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑 ; 𝑥, 𝑦 + 1)

𝐵 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝑦)

,          (4.9) 

we obtained the desired result (4.6) by using the above 

relation in the inequality (4.7).  

The Markov's inequality can be used to deduce the second 

inequality (4.8). 

𝑃(𝑋𝑘 ≥ 𝜖) ≤
𝔼(𝑋𝑘)

𝜖
 

and the definition of 𝔼(𝑋𝑘), we get the desired result (4.8). 

5. Hypergeometric and Confluent hypergeom

etric functions in terms of extended 

Logarithmic mean 

In this section, we defined hypergeometric and confluent 

hypergeometric functions in terms of Extended beta 

logarithmic functions 

The extension of hypergeometric  logarithmic function is 

defined as follows: 

𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝜔; 𝑧)                      

= ∑(𝑥)𝑛  
𝐵𝐿 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑;  𝑦 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

 
𝑍𝑛

𝑛!
.         (5.1) 

 𝑝 ≥ 0;  |𝑧| < 1 ;   𝛼, 𝛽, 𝜇, 𝑣, 𝛾, 𝜎 > 0,

ℜ(𝜔) > ℜ(𝑦) > 0,     𝑐, 𝑑 > 0. 

The extension of confluent  hypergeometric logarithmic 

function is defined as follows: 

Φ 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑦; 𝜔; 𝑧)

= ∑(𝑥)𝑛  
𝐵𝐿 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑦 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

 
𝑍𝑛

𝑛!
.           (5.2) 

   𝑝 ≥ 0;     𝑐, 𝑑, 𝛼, 𝛽, 𝜇, 𝑣, 𝛾, 𝜎 > 0,    ℜ(𝜔) > ℜ(𝑦) > 0. 

Remark 5.1. If we choose 𝑐 = 𝑑 = 1 in (5.1) and (2.2), 

then we achieved the known result given by (see  [9]). 

Remark 5.2. If we choose  𝛾 = 𝜎 = 1 in (5.1) and (2.2), 

then we achieved the known result given by (see[10]). 

5.1. Representation of the integral 

Theorem 5.1. The hypergeometric and confluent 

hypergeometric logarithmic functions have the following 

integral representations: 

𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔; 𝑧) =
1

𝐵(𝑦, 𝜔 − 𝑦)
∫ 𝑐1−𝑡𝑑𝑡𝑡𝑦−1

1

0

 × 

(1 − 𝑡)𝜔−𝑦−1(1

− 𝑧𝑡)−𝑥𝐸𝛼,𝛽
𝛾,𝜎

(− 
𝑝

𝑡𝜇(1 − 𝑡)𝑣
) 𝑑𝑡,        (5.3) 

   (𝑝 ≥ 0;   𝑐, 𝑑, 𝛼, 𝛽, 𝜇, 𝑣, 𝛾, 𝜎 ∈ ℝ+;  𝑎𝑛𝑑   |𝑎𝑟𝑔(1 − 𝑧)|

< 𝜋 ;     ℜ(𝜔) > ℜ(𝑦) > 0), 

and 

Φ 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑦; 𝜔; 𝑧) =
1

𝐵(𝑦, 𝜔 − 𝑦)
 × 

∫ 𝑐1−𝑡𝑑𝑡𝑡𝑦−1(1 − 𝑡)𝜔−𝑦−1𝑒𝑧𝑡
1

0

 𝐸𝛼,𝛽
𝛾,𝜎

(− 
𝑝

𝑡𝜇(1 − 𝑡)𝑣
) 𝑑𝑡, 

(5.4) 

(𝑝 ≥ 0;   𝑐, 𝑑, 𝛼, 𝛽, 𝜇, 𝑣, 𝛾, 𝜎 ∈ ℝ+;      ℜ(𝜔) > ℜ(𝑦) > 0). 

Proof: If we rearranging integration and   summation, after 

using the  definition (2.1), we get 

𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔; 𝑧) =
1

𝐵(𝑦, 𝜔 − 𝑦)
 

× ∫ 𝑐1−𝑡𝑑𝑡𝑡𝑦−1(1 − 𝑡)𝜔−𝑦−1(1 − 𝑧𝑡)−𝑥
1

0

  

             𝐸𝛼,𝛽
𝛾,𝜎

(− 
𝑝

𝑡𝜇(1 − 𝑡)𝑣
) ∑(𝑥)𝑛

∞

𝑛=0

(𝑧𝑡)𝑛

𝑛!
 𝑑𝑡,           (5.5) 

We obtained the desired result (4.3) by using the binomial 

theorem in (5.5). 

Similarly, (5.4) can be obtained. 

5.2. Formula of derivative 

Theorem 5.2. The following derivative formulae are right: 

𝐷𝑧
𝑛 {𝐹 𝐿𝑐,𝑑,𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑥, 𝑦; 𝜔; 𝑧)} =

(𝑥)𝑛(𝑦)𝑛

(𝜔)𝑛

 

 × 𝐹 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝑥 + 𝑛, 𝑦 + 𝑛; 𝜔 + 𝑛; 𝑧)          (5.6) 

and 

𝐷𝑧
𝑛 {Φ 𝐿𝑐,𝑑,𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑦; 𝜔; 𝑧)} = 

       
(𝑦)𝑛

(𝜔)𝑛
Φ 𝐿𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑦 + 𝑛; 𝜔 + 𝑛; 𝑧),               (5.7) 
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where 

(𝑝 ≥ 0;   𝑐, 𝑑, 𝛼, 𝛽, 𝜇, 𝑣, 𝛾, 𝜎 ∈ ℝ+;   ℜ(𝜔) > ℜ(𝑦) > 0  

                                    ;   𝑛 > ℕ0). 

Proof: We are aware of the well-known relationship 

between Euler beta functions. 

            𝐵(𝑦, 𝜔 − 𝑦) =
𝜔

𝑦
 𝐵(𝑦 + 1, 𝜔 − 𝑦 ).                (5.8) 

We get by differentiating (5.1) with respect to variable z 

𝐷𝑧𝐹 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝜔; 𝑧)

= ∑(𝑥)𝑛  
𝐵𝐿 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑦 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

 
𝑍𝑛−1

(𝑛 − 1)!
 

= ∑(𝑥)𝑛+1  
𝐵𝐿 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑦 + 𝑛 + 1, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

 
𝑍𝑛

𝑛!
, 

                                                                                     (5.9) 

using (1.4) and (5.8) in the above expression, we obtain 

𝐷𝑧𝐹 𝐿𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑐, 𝑑; 𝜔; 𝑧) =
𝑥𝑦

𝜔
∑(𝑥 + 1)𝑛

∞

𝑛=0

 

   
𝐵𝐿 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑦 + 𝑛 + 1, 𝜔 − 𝑦)

𝐵(𝑦 + 1, 𝜔 − 𝑦)
 
𝑍𝑛

𝑛!
                 (5.10) 

To achieve the required result, repeat the process up to (n-

1). 

Similarly, applying the same process to 5.2 yields the 

desired result (5.7). 

Remark 5.3. We obtain the known result proposed by (see 

[10]), if we use 𝛾 = 𝜎 = 1 in the expressions (5.6) and 

(5.7). 

Remark 5.4. Choosing c=d=γ=σ=1 in expressions (5.6) 

and (5.7) yields the well-known results introduced by Khan 

et al. (see [9]). 

6. Formulas for transformation 

Theorem 6.1. The hypergeometric logarithmic and 

confluent hypergeometric logarithmic functions have the 

following formulas: 

𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔; 𝑧) = (1 − 𝑧)−𝑥 

                𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝜔 − 𝑦; 𝜔; −
𝑧

1−𝑧
),                (6.1) 

𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔; 1 −
1

𝑧
) 

                = 𝑧𝑥𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝜔 − 𝑦; 𝜔; 1 − 𝑧),         (6.2) 

𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔;
𝑧

1 − 𝑧
) 

    = (1 + 𝑧)𝑥𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝜔 − 𝑦; 𝜔; −𝑧),         (6.3) 

Φ 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑦; 𝜔; 𝑧) = 𝑒𝑧 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝜔 − 𝑦; 𝜔; −𝑧), 

                                                                         (6.4) 

(𝑝 ≥ 0;   𝑐, 𝑑, 𝛼, 𝛽, 𝜇, 𝑣, 𝛾, 𝜎 ∈ ℝ+;      ℜ(𝜔) > ℜ(𝑦) > 0). 

Proof: Replacing 𝑡 by 1 − 𝑡 in (1 − 𝑧𝑡−𝑥) and substituting 

(1 − 𝑧(1 − 𝑡))
−𝑥

= (1 − 𝑧)−𝑥 (1 +
𝑧

1 − 𝑧
 𝑡)

−𝑥

 

in (5.3), we obtain   

𝐹 𝐿𝑎,𝑏,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔; 𝑧) =
(1 − 𝑧)−𝑥

𝐵(𝑦, 𝜔 − 𝑦) 
 

× ∫ 𝑐1−𝑡𝑑𝑡𝑡𝑦−1(1 − 𝑡)𝜔−𝑦−1 (1 +
𝑧

1 − 𝑧
 𝑡)

−𝑥1

0

  

                                    𝐸𝛼,𝛽
𝛾,𝜎

(− 
𝑝

𝑡𝜇(1−𝑡)𝑣)  𝑑𝑡,               (6.5) 

further, we have 

𝐹 𝐿𝑎,𝑏,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔; 𝑧) =
(1 − 𝑧)−𝑥

𝐵(𝑦, 𝜔 − 𝑦) 
 

× ∫ 𝑐1−𝑡𝑑𝑡𝑡𝑦−1(1 − 𝑡)𝜔−𝑦−1 (1 −
−𝑧

1 − 𝑧
 𝑡)

−𝑥1

0

  

                              𝐸𝛼,𝛽
𝛾,𝜎

(− 
𝑝

𝑡𝜇(1−𝑡)𝑣)  𝑑𝑡,            (6.6) 

In light of (5.3), we obtain the desired outcome (6.1). 

Replacing 𝑧 by  1 −
1

𝑧
  and 

1

1+𝑧
 in (6.1) gives (6.2) and (6.3) 

respectively.  

Applying the same process as in (6.1), we can obtain (6.4) 

through simple calculation. 

Theorem 6.2. The following relation holds true: 

 𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔; 1) 

                   =
𝐵𝐿 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑥, 𝜔 − 𝑥 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)
 ,            (6.7) 

(𝑝 ≥ 0;   𝑐, 𝑑, 𝛼, 𝛽, 𝜇, 𝑣, 𝛾, 𝜎 ∈ ℝ+;      ℜ(𝜔 − 𝑥 − 𝑦) > 0). 

Proof: We get the desired result (6.7) by putting 𝐳 = 𝟏 in 

(5.3) and using the definition (2.1). 

7. Generating function 

Theorem 7.1. The following is the relationship between 

the generating function for  

𝐹 𝐿𝑐,𝑑 ,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔; 𝑧) 

∑(𝑥)𝑘

∞

𝑘=0

𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥 + 𝑘, 𝑦; 𝜔; 𝑧)
𝑡𝑘

𝑘!
 

            = (1 − 𝑧)−𝑥𝐹 𝐿𝑐,𝑑,𝛼,𝛽
(𝑝,𝜇,𝑣,𝛾,𝜎)

(𝑥, 𝑦; 𝜔;
𝑧

1−𝑧
)             (7.1) 

Proof: Let τ be the left hand side of (7.1), then from (5.1), 

we have 
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𝜏 = ∑(𝑥)𝑘

∞

𝑛=0

 

(∑
(𝑥 + 𝑘)𝑛𝐵𝐿 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑦 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

 
𝑍𝑛

𝑛!
)

𝑡𝑘

𝑘!
, 

                                                                                      (7.2) 

Using the well-known identity 

  (𝑎)𝑛(𝑎 + 𝑛)𝑘 = (𝑎)𝑘(𝑎 + 𝑘)𝑛 , we obtain 

𝜏 = ∑(𝑥)𝑘  
(𝑥 + 𝑘)𝑛𝐵𝐿 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑦 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

  

                                 (∑(𝑥 + 𝑛)𝑘

∞

𝑘=0

𝑡𝑘

𝑘!
 ) 

𝑍𝑛

𝑛!
 ,                   (7.3) 

Since we know that ∑ (𝑥 + 𝑛)𝑘
∞
𝑘=0

𝑡𝑘

𝑘!
= (1 − 𝑡)−𝑥−𝑘 , we 

have 

𝜏 = (1 − 𝑡)−𝑥 ∑(𝑥)𝑘  
𝐵𝐿 𝛼,𝛽

(𝑝,𝜇,𝑣,𝛾,𝜎)
(𝑐, 𝑑; 𝑦 + 𝑛, 𝜔 − 𝑦)

𝐵(𝑦, 𝜔 − 𝑦)

∞

𝑛=0

   

                                                            (
𝑧

1−𝑧
)

𝑛

 
1

𝑛!
          (7.4) 

Finally, we get the right side of (7.1) by using (5.1) in (7.4). 

8. Conclusion 

This article discusses the statistical features of an extension 

of expanded beta functions using the logarithmic mean, as 

well as the algebraic properties of this type of extension and 

its application in probability. This logarithmic mean based  

extension of expanded beta functions has its roots in 

science and engineering. There are also many future 

applications for this type of function, such as Apple 

functions, the Reimann-Liouville fractional derivative 

operator, and the Whittaker functions, all with the goal of 

improving their properties. 
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