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Abstract

Khan Et Al., presented a new kind of beta logarithmic function, we aim in this research article to introduce
new extension of beta logarithmic function, Further, we study its fundamental properties and discuss diverse
formulas of that extension such as integral representation, summation formula, transform formula and their
statistical properties. Based on this concept, we introduce new hypergeometric and confluent hypergeometric

functions and study their properties.
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1. Introduction and Preliminaries

Here, we introduce and investigate new extension of
properties and representations of a extension of beta
function known as beta logarithmic function a combined
study of beta function (1.18) and logarithmic mean (1.1).
The logarithmic mean defined as;

1

L(c,d) = fcl‘t dtd

0

c—d
= {log(c) —log(d) c#d (1.1)
c c=d
Classic Gaussian hypergeometric functions (see [1])
are define
© n
Fyiwin) = Y S 22 (12)

W n!’
L (w)n

and the confluent hypergeometric functions (see [1]) is

The Euler beta function B(x,y) (see [1]) is defined by

B(x,y) = [, t* (1 -
)Yt dt (1.5)

_rer@y) (-1t (y—-1!
T Tr(x+y) (x4+y-1

R(Kx) >0 ,R(G) > 0).

In [4], introduced an extension of beta function defined by

, (1.6)

where

1

BP(x,y) = j 51 (1 — )71 exp (—t(l’%t)) dt, (1.7)
0

where  R(P) =0 , (Rx) >0 ,RY) > 0).

In [5], used new extended beta function BP(a,6) to
introduced an extended hypergeometric and confluent
hypergeometric function defined respectively as

defined b - BP(x +nw —y) z"
efined by Fp(x,%w:z)=2(51)n x+nw-7y) Z_‘ (1.8)
= (), 2" ~ B(y,w—-y) n!
o(y; w;2) = 0 = (1.3)
L w), n! =0, |zl<1, RX)>RY) >0
where (1), (4 € C) is the Pochhammer symbol defined by ~ and
- BP(y+nw—y) z"
PP (y; w; z) = Z -, (1.9)
I'(u+ -
(), = T (1.4) = Bhe=y
ruw
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The integral representation for extended Gauss
hypergeometric  functions and extended confluent
hypergeometric functions are defined as:
FP(t,y, 032) = ——
xX,Y,W,Z) = ————
Y B(y,w —y)
1
fty‘l 1-ve 1
0
_2t)* _L)
zt) exp( -0 dt, (1.10)
P=0; larg(1—2)| <1, Rw)>RY)>0).
T p—
;W;Z) = oo————
Y B(y,w-y)
1
p
y-1 — )w-y-1 —
ft 1-1 exp (zt [ —t)) dt (1.11)

0

(p=0;

In [9], introduced an extension of beta function using
generalized Mittag-Leffler function as follow:

B ()

1
= f 7t (1
0

— t)y_lEa,B <_

R(w) > R(y) > 0).

p
tu(1 — t)") dt,

R(p) > 0,R(x) >0,R(y) >0,
a,B €RS,u,vERT.

(1.12)

where E, 5(.) is the generalized Mittag-Leffler function
defined as [16]

s = ) Fan s )

x€C ,a B ER].

(1.13)

where

By using (1.12), we further extended the Gauss
hypergeom- etric and confluent hypergeometric functions
and their integral representation are defined as

Féf’[}” ) (x, y; w; 2)
> Bg’,;”’”) x+nw-—y) z"
= nZo(x)" TP
(1.14)
=0,z <1,a,B,uv € Rt, Rlw)>R(y) > 0).

OPH) (y; w; 2)

C Bﬁ’f}}”'v'y'”) +tnw-—y)z"

—,(115)

B(y,w—y)

n=0

=20, a,f, v ER", R(w) > R(S,) > 0).

1 1
PO ey 0m) = g | T pe

X (1= 26) Eqp <— P )U) dt,  (1.16)

th(1—t

(p eR,a,B,y,0,u,v ERY; and arg|l —z| <m,
R(w) > R(5,) > 0)

and

q’gb”'v)(y; w;T) = YA —p)ertet

1 1
—_— t
B(y;w_Y)f_l

P
* Eap (_ th(1 — t)”) dt,

Re(w) > Re(y) > 0)

(1.17)

(p €RS, a,B,y,0,u,vER;

In [2], introduced a new extended Beta function in terms of
the classical Mittag-Leffler function defined as

1
By () = f AL
0

vo p )
XE g < DT dt,
9:{‘(p) > 0' m((sl) > Otm((SZ) > Or alﬁl]/'o. € Rg )
u,v € RY,

(1.18)

where El’% () is the generalized Mittag-Leffler function
defined as [15]

(Y)pk z*

Y.p — s
Eap (2) = LT (ak + B) k!

(1.19)

where a,B8,y €C, R(a), R(B), R(@y) >0,
p € (0,1) U N.

Recently, Khan et al. [9] introduced the following
definition
1
BIEYCdiny) = [ et dt e - o
0

p
Eap (_ tu(1 — t)") dt,

2. Main results

(1.20)

In this section, we will introduce the new extension of the
beta logarithmic function(1.20) and study its properties and
representations.

For any fixed c¢,d >0 the function t - c'7td* is
continous in [0, 1] and so it is bounded on [0, 1]. It means
that there exist h > 0 and for any ¢, d, x,y > 0, we have

1-t gt px-1(1 _ -1pvo [ _ p
0 citdt e - oLy e
- - p
<ht*1(1-t) 1EV"(—7>
= ( ) of\ tu(l -ty
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vte (0,1)

1-t gt 4x-1¢1 _ p\y-1g¥o(___ P i
Thus, ¢ d*t**(1—-1t) Ea.ﬁ( tu(l—t)”) 1S

integrable on (0,1).Then we intr- oduce the following
definition:
Definition 2.1. Forany a, 8, u, v, v, g, c,d € R*, we define
1
B Lg’;’v’y"r)(c, d;x,y) = f ctTtdt t* (1 — )t
0

xEOV(:;( P )dt

T ua—nv

2.1
=0, Rx)>0, R(y) > 0).

where E,’; (.) is the generalized Mittag-Leffler function
defined as (1.19).

If we take y=1ando =1 in (2.1), we get the beta
function introduced by (see [10]) i.e.

B LY (e, dix,y) = BLYEV (c,d,x,y)  (2.2)

If we take ¢ = 1 and d = 1 in (2.1), we get the new result
of beta function

B LPEPYD(1,1;x,y) = BIYD (x, ) 2.3)

If c=d=0oc=y=1, in Eq. (2.1), we get the beta
function introduced by (see [9, 11]) i.e.

B Lg)';[?’v'l'l)(lyl; X, }’) =B LEZP.EL'V) (x‘ y) (24)

If we take a=B=pu=v=c=y=c=d=
1land p =0 in(2.1), we get an Euler beta functions (1.5)
(see [1, 6])

B LV (1L,15x,y) = B(x,y) (2.5)
Ifwechoosea=f=u=v=c=y=x=y=1and
p = 0in (2.1), then we get a logarithmic mean (1.1)

B Lg?il'l'l'l)(c' d;1,1) = L(c,d) (2.6)

(p.uvy.o) )

a’ﬁ (Cl d‘ x’y)

In this section we obtain some assertions for
B Ly (c,d; x,y)

3. Properties of BL

Theorem 3.1. For
assertions holds true:

a,B,c,d,x,y >0 , the following

BLOI YD (¢ d;x,y) = BLOA ) (d,c;x,y)  (3.)
B Lsf,}?'v'y'a)(c, Gx,y)=c Bg’,;”’”’y’”) x,9) (3.2)

B LPE" (gc,6d;x,y) =
§BLYIO(d,c;x,y)  (33)

Proof: Lett = 1 — u inequation (2.1), we obtain the above
assertions.

Theorem 3.2. For
assertions holds true:

a,B,c,d,x,y >0, the following

B Lg"‘é"v‘y‘a) (c,d;x+1,y)+B Lgf;"v'y'”) (c,d;x,y+1)

=B LI (¢, d; x,y) (3.4)

Proof: By using the definition (2.1) to the left side of (3.4),
we get the assertion (3.4).

Remark 3.1. Ifwetake y = 1 and o = 1in (3.4), we get
the beta function introduced by Khan et al. (see [10]) i.e.

B Lgf‘”’v)(c,d;x +1,y) +B Lgf;'v')(c,d;x,y +1)

=B LI (c,d;x,) (35)

Remark 3.2. If we set y =g =c=d =1 in (3.4), we
obtained the known result of (see [9])

BLPEV(x +1,y) + B L(Cf.;.v,)(x,y +1)

=B LT (x,y) (3.6)

Remark 3.3. If we setc = d = 1 in (3.4), we obtained the
following new result

BLYS"Y T (x+ 1,9) + BLYY™ ) (,y +1)

=B Lgfgf 19 (x,y) (3.7)

Theorem 3.3. For any a,f,c,d,x,y > 0, the following
assertions holds true:

min(c, d) Bg’é" VY9 (x y) < B L(Of'é‘ VY9 (¢ dsx, y)

< max(c,d) B LY (x, ). (3.8)

Proof: From the inequality,

c+d
2

min(c,d) <Ved < L(c,d) < ( ) < max(c,d)

and Bg’é‘“"""’) >0,

we get the following relation
min(c, d) Bgf?ﬂ vr9)(x,y) < B L?”; 9 (e, d;x,y) (3.9)
Using the following well known young’s inequality

ctdt<c(l—-t)+dt Vvte (0,1)
we obtain
B Lgf‘; 9 (e d;x,y) < cB ffl'}” YY) (xy + 1) +
dB g",}” v (x +1,y) < max(c,d) (B g_’/’;" Y9 (x,y +
1)+ B PV (x 41, y)).
Using the relation (3.6), we achieved the desired result.

Theorem 3.4. For any «,fB,c,d,x,y > 0, the following
assertions holds true:
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B Lgfé""'y'a) (c,d;x,y) =B Lg’_g"v'y'a) (c,d;x+n,y+1)
(3.10)

Proof: Using the series representation (1 —¢t)71=
Y ot™, for t € (0,1) with the arguments of uniform
convergence of this power series, we have

w 1
B LI (¢,d;x,y) = Z f It dt ¢ — £)Y
0

n=0

v.o [ _ 14
Ea'ﬁ( —tu(l_t)v) dt.  (3.11)

Using the definition (2.1) in the above expression, we

achieved the desired result.

Theorem 3.5. Let a,f,c,d,x,y >0, the following
representation holds true:

B LY (e, d;x,y)

B ffb“'v'y'”) (x+n,y+m)

- z minl (log(c)™ (log(d))™.

[ee)

m,n=0
(3.12)

Proof: The following power series expansion
— (log(c))™ — (log(d)™
CHZ( g(c)) a-om dtz( g(d)) o
m! n!
m=0 n=0
using the above expansion in the result (2.1), we have

B LYA (c,d;x,y)

m!n!

[y (08(EN™ 108D sy pyyimes
0

mn=0

Yo (_ 14
e ( tu(l_t)v) dt.
Combined with the fact that the entire series converges

uniformly, we can replace the order of the integral with the
resulting infinite sum (3.12).

Theorem 3.6. Forany c¢,d,u,v,y,a > 0 a, the following
relation holds true:

B Lgg™" " (c,d;x,y) =

n cos2 6

22 (3) cos?* 1 @sin?1g

X E;':g(—p(secz 0)*(cosec? 6)?)d0,

(3.13)

Proof: Let t = cos? 8 in (2.1). After simplification, we
obtain the desired result (3.13).

4. The random variable of logarithmic beta
function BL&',’/’;”’”'V’”) (c,d;x,y)

We will now describe the beta logarithmic distribution for
(2.1) and calculate its average, spread, and ability to
generate moments.

For a,B,c,d,x,y > 0, the beta logarithmic distribution is

defined as
1 1-t gt #x—-1 y-1
£ 5 L(p,u.v,y,a)( S cl-tdtt a1-0
= x, y
ap

0,

xE}l’:;(— ) 0<t<1)

otherwise

tu(1-t)?

(4.)
¢,d,ap,y,0 ER", p=0.

We have the k" moment of a random variable X defined
as

p = EX")
I Lg’_;“”'y'”)(c, d;x+d, y)
BLYS" (¢, d;x,y)

When k = 1, the mean is obtained as a special case of
(4.2) given by

p = EX)
_B L(jg"”‘y‘a) (c,d;x+1, y)
B LIS (c,d;x,y)

, (4.2)

, (43)

The variance of a distribution is discuss as follows:
o? = E(X?) — {EQO)}?
B Lgf’é""’y’o) (c,d;x,y) + BLE}ZE"V'Y'U) (c,d;x+2,y)

BL(p.u.v.y.a) d: 2
{BLEF™ e, a0}

Pv.y.0) 2
{BL(%" v (c,d;x+1,y)}

: > (4.4)

{BLS;E“U‘Y'U (c,d;x, y)}
The distribution's moment generating function (mgf) is
defined as

[oe]

M(t) = Z e = !
n! B LE%"”’V'J)(C, d;x,y)

n=0

X Z B Lgf‘; VYO (e, d; x
n=0

n

+n,y) rl (4.5)
In this case, a well-known lemma comes to mind.

Lemma 4.1. Let Y be a random variable with values that
fall within a certain range [c, d].
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Then we have for all € € [a, b].

a-EW)| _ 1 &S
|P(y <e€- d—c | =5t d—i

4.6)

Proposition 4.2. Assume X is a beta logarithmic random
variable with parameters

(c,d; x,y). The following assumptions are true any k, e >
0:

P(X <€) BLEzrflsp’t’v'y'a)(C.d:x.}""l) - 1 | 1|
<e€)— <-=le—z
B Lgf'; Yo (e dx, y) 2 2
4.7
and
(.uvy,0)
BL (c,d;x +k,y)
k __ P
P(X*=e¢) 3 L(”"""'V"’)(c Z2y) (4.8)
a‘ﬁ ) ) ) y
proof: With the help of (3.4) and (4.3), we have
(o.uvy,o)
BL (c,d;x, y+1)
p=EX)=1-—2£ (4.9)

B LIS (c,d;x,y)

we obtained the desired result (4.6) by using the above
relation in the inequality (4.7).

The Markov's inequality can be used to deduce the second
inequality (4.8).

EX%)

P(Xk>¢€) <
and the definition of E(X*), we get the desired result (4.8).

5. Hypergeometric and Confluent hypergeom
etric functions in terms of extended
Logarithmic mean

In this section, we defined hypergeometric and confluent
hypergeometric functions in terms of Extended beta
logarithmic functions

The extension of hypergeometric logarithmic function is
defined as follows:

PG s

e (p.uv,y,0)

BL
= E (x)n “p
n=0

p=0; |z|<1; aB,uvyc>0,
R(w) > Rl) >0,

(c.d; y+nw—y) zZ"
By, w—y) nl’

(5.1)

c,d > 0.

p=0;

Remark 5.1. If we choose ¢ =d =1 in (5.1) and (2.2),
then we achieved the known result given by (see [9]).

Remark 5.2. If we choose y = ¢ =1 in (5.1) and (2.2),
then we achieved the known result given by (see[10]).

cd,a, B, uvy,0>0 Rw)>R(y)>O0.

5.1. Representation of the integral
Theorem 5.1. The hypergeometric and confluent
hypergeometric logarithmic functions have the following
integral representations:

1 1

(p.uv,y,0) _ 1-t Jtyy—1

FL v, w;2) = J- cttdttrt x
caap Bly,w -y J,

(1-ve>a

— Zt)—xEl}x’:; (_ p

(p=0; ¢,da,B,u,v,y,0 € RT; and |arg(1 — z)|

<m; Rw)>RyY) >0),
and
(@.uv.y.0) 1
PLogap wiz)= 50 0= X
! it gty wmy-1_2t GV P
foc dfty (1 - t)® Ve Eyg (— m)dt,
(5.4)

p=0; ¢,d,a,B,1,v,y,0 ERT;  R(w) > R(y) > 0).

Proof: If we rearranging integration and summation, after
using the definition (2.1), we get
1

(p.uv,y,0)
FL _
B(y,w—y)

caap  OYiw;z) =

1
X f TR A - )T — 2t)
0

£ (— tu(%ﬂv) Z(x)n% dt,  (55)

We obtained the desired result (4.3) by using the binomial
theorem in (5.5).
Similarly, (5.4) can be obtained.

5.2. Formula of derivative

Theorem 5.2. The following derivative formulae are right:

_ )n(n

D3 {F LIy 7 oy o = S0
n

cda,p

The extension of confluent hypergeometric logarithmic X F Lﬁ.ff;é"”'y"’)(c, dx+ny+nw+nz) (5.6)
function is defined as follows:
and

®.uvy,0)
DL (y; w; 2)

e ) D2 {@ LELy 7 (v i 2)) =

BL 25" (c,d;y +n,0 —y) z7
N Z(")n By, — ) e 6P B LTI (e, dsy + 150 + 13 2), 67
n=0 W)n ,
EJUA-BA | March 2024 127
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Duvy.o) . N (pv,y,0) e
Plegap wiz)=eLogap (0= y;w;=2),

(=0; ¢,da,B,uv,y,0 €RY; Rlw)>R(Y) >0
, n > No).

Proof: We are aware of the well-known relationship
between Euler beta functions.

By,w—y) =3By +Lw-y) (5.8)
We get by differentiating (5.1) with respect to variable z

D,F LYK (¢, d; w; )

B i @ BL g,’b”’v’y’a) (cd;y+nw-y) znt
L B(y,w—y) (n—1)!

S, By i
n+l B(y,w —y) n!’
(5.9)

using (1.4) and (5.8) in the above expression, we obtain

X
DF L0417 (6 ds 0 2) =22 ) (x + 1y
n=0
BL fx%“'”'y"’)(c, y+n+lLw-—y) zn
By+1lLw-y) n

(5.10)

To achieve the required result, repeat the process up to (n-
1).

Similarly, applying the same process to 5.2 yields the
desired result (5.7).

Remark 5.3. We obtain the known result proposed by (see
[10]), if we use y = o =1 in the expressions (5.6) and
(5.7).

Remark 5.4. Choosing c=d=y=c=1 in expressions (5.6)
and (5.7) yields the well-known results introduced by Khan
etal. (see [9]).

6. Formulas for transformation

Theorem 6.1. The hypergeometric logarithmic and
confluent hypergeometric logarithmic functions have the
following formulas:

FLELTD (2,7, 0;2) = (1 - 2)7
F [@#vy.0) ey — 2 (6.1)
c,d,a’,ﬁ x; w y; wr 1—-z ) .
1
(p.uv.y,0) ‘e
FLGqp (x,y, w;1 _E)
= z*F L(p'”'v'y'd)(x,w —y,w;1—2), (6.2)

cdap

(p.uvyy,o) Lz
FLC_d’fa_B o (x,y,a), 1 —z)

=1+ 2)*F L(c’_’é’f;fg'g)(x, w—y; w;—z), (6.3)

(6.4)
P=0; ¢,d,ap,uvyceRY; Rw) >Ry >0).
Proof: Replacing t by 1 — t in (1 — zt ™) and substituting
(1-z0-0)"=1-27* (1 + % t)
in (5.3), we obtain
Q-2

(v.uv,y,0)
FL e SS———
B(y,w—y)

apap 0V w;z) =

X

1
VA
X =tgtey=1(1 — ) ¥ 1 (14+——¢
K (=0 (14 2 o)

V.o (_ 14
EM( tu(l_t)v) dt, (6.5)
further, we have
(p.uvy,0) A-2
FL jW;2) = o
abap YO0 =B T

-X

1
—Z
X I=tgtey=1(1 — )®y-1(1 - t
joc 1-oot(1-—1¢)

yof_ _ P
Ea'ﬁ( th(1-t)V

) dt, (6.6)
In light of (5.3), we obtain the desired outcome (6.1).
Replacing z by 1 — i and 1—; in (6.1) gives (6.2) and (6.3)
respectively.

Applying the same process as in (6.1), we can obtain (6.4)
through simple calculation.

Theorem 6.2. The following relation holds true:

F L(p:llﬂ’:yjo')

canp  OYiw;1)

BL Efb”‘v‘y'a)(c, d;x, 0 —x—7v)
e . (67
Bly,w—-y)

(p=20; c,da,B,u,v,y,0 € RY;

Rw—x—y)>0).

Proof: We get the desired result (6.7) by putting z = 1 in
(5.3) and using the definition (2.1).

7. Generating function

Theorem 7.1. The following is the relationship between
the generating function for

(p.uvy,0)
F Lc,d a,B

(x,y; w; 2)

D CORF LD (e kv wi7) 1
k=0 '

—_ (1 _ N—xp @uvY0) ey 2
=(1-2)*FL (x,y,a),l_z)

cdap (7.2)

Proof: Let t be the left hand side of (7.1), then from (5.1),
we have
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T= i (O
n=0

i (x + k),,BL %“'”'y'”)(c, d;y+n,w—1y) 77\ tk
B(y,w —y) n! [k

n=0
(7.2)
Using the well-known identity

(@)p(a +n), = (a),(a + k), , we obtain

i( ) (x + k),BL ‘(fb“'v'y‘”) (c,d;y+nw—1y)
T= x
n=0 * B(va _}’)

- thk\ zm
Z(X +n)km H, (73)
k=0

k
Since we know that Y5, (x + n)y ;—] =1 -t)*%, we
have

> B
T=1-07 ) (W
n=0

L P2 (e, dsy +m,0 — y)

B(y,w—y)

&) = 0
Finally, we get the right side of (7.1) by using (5.1) in (7.4).

8. Conclusion

This article discusses the statistical features of an extension
of expanded beta functions using the logarithmic mean, as
well as the algebraic properties of this type of extension and
its application in probability. This logarithmic mean based
extension of expanded beta functions has its roots in
science and engineering. There are also many future
applications for this type of function, such as Apple
functions, the Reimann-Liouville fractional derivative
operator, and the Whittaker functions, all with the goal of
improving their properties.
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