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Abstract

This paper investigates the behavior of curvature tensors under the Lie derivative. We derive novel relations
between various curvature tensors, such as the Riemann curvature tensor, Ricci tensor, and scalar curvature,
when subjected to the Lie derivative. Our results provide a deeper understanding of the geometric properties
of manifolds and have potential applications in fields such as general relativity and differential geometry.
Also, we build upon the definitions for the conformal and conharmonice curvature tensor in generaralized
fifth recurrent Finsler space GBK- 5RF,. We study the various relations between above curvature tensors and

the Cartan’s third curvature tensor R}'kh by Lie-derivative.

Keywords: Generalized BK-fifth recurrent Finsler space, Lie-derivative L,, , Conformal curvature

tensor C; ., , Conharmonice curvature tensor L ,.

1. Introduction

Curvature tensors play a fundamental role in the study of
differential geometry and general relativity. They
quantify the intrinsic curvature of a manifold and provide
insights into the geometry of spacetime. The Lie
derivative, on the other hand, is a powerful tool for
studying the infinitesimal change of tensor fields along a
vector field. In this paper, we explore the interplay
between these two concepts by investigating the Lie
derivative of curvature tensors. We derive new identities
and relations that govern the behavior of curvature
tensors under Lie differentiation. Our findings contribute
to a better understanding of the geometric properties of
manifolds and may have implications for various areas of
physics and mathematics.

A generalized fifth recurrent Finsler space for Cartan's
fourth curvature tensor K]-"kh in sense of Berwald
introduced by AL-Qashbari and Baleedi [7]. Also, AL-
Qashbari and Baleedi [8] studied the Lie-derivative in
GBK- 5RF, and established various identities of tensors
in Finsler space by Lie-derivative. Gouin [12] introduced
some remarks on the Lie-derivative. The Lie-derivative
of forms and its application was investigated by authors
(see [13, 15, 16]).

Ahsan and Ali [3] studied some relationships between
W-curvature tensor, conformal curvature tensor,
conharmonice curvature tensor and concircular curvature
tensor. Opondo [14] studied W-curvature inheritance in
recurrent and bi- recurrent Finsler space.

Several results on generalized recurrent obtained by [2,
4, 5, 6, 9,10]. Various theorems for Ricci tensors and
other tensors were proved by (see [1, 11]).

Let us consider an infinitesimal transformation
(11  x=xt+evi(x)),

where ¢ is an infinitesimal constant and v!(x/) is called
contravariant vector filed independent of y‘. Also, this
transformation gives rise to a process of differentiation
called Lie-differentiation.

Let X! be an arbitrary contravariant vector filed. Its Lie-
derivative with respect to the above infinitesimal
transformation is given by

(12)  LX'=v"B.X'—X"Bv' +(9,X))Bv"yS,
where the symbol L,, stands for the Lie-differentiation.

In view of (1.1) the Lie-derivatives of y* and v' with
respect to above infinitesimal transformation vanish, i.e.
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(13) a L,y'=0 and b) L,w'=0.

Lie-derivative of an arbitrary tensor Tji, with respect to
the above infinitesimal transformation, is given by

(1.4) LT} =v"B, T — T/ Bv'
+ T B;v" + (0,T}) Bsv'y* .

Necessary and sufficient condition for the transformation
(1.1) to be a motion, is given by

(15 L,g;; =0,

Let us consider a generalized BK-fifth recurrent Finsler
space satisfying the following relation (see [7]):

(1.6)  BsByBiBuBuKjin = Csqunm Kjien
+ byquum (819k = Ok Gjn)
- qulnm(51i1cjkn - 5;; C]’hn)
— dsqinm (81.Cjia — 6k Cint)
— €sqlnm (Siilcjkq - 51ic thq)
~2 bginmY" By (8;Cixs = 8k Cins) -

The metric tensor g;; and the Kronecker delta 5. are
satisfying the relations:

: 1 ,if j=k,
s Lk: -,(=
L0 9597 =9 {0 Jif j#k.

The associate curvature tensor K;j,, of the Cartan's

fourth curvature tensor Kj, is given by

(1.8)  Kijkn = grjKikn -
The Ricci tensor K j,, the scalar K and the deviation
tensor K;' of the curvature tensor K f,., is given by

(19 a) Kjy =Kjp
b) g/*K =K
and  ¢) g*Ky =K .

The curvature tensor K}kh satisfies the following
relations too
(110) Hhp=Kjin+ y5(0;K&p) and
(1.11) Hjikh - kah = Pjik|h + Py Pl — Pjih|k - Pj P,
(112) Ry =Kjn +Cin H
(1.13) a) Hjikhyj = R}ékhyj = Hjy = kah vy,

b) Hlichyk = Hiil )

¢) H=m-1H and

d) Hlici = Hy .

The vector filed vi(x/) is called contra as it satisfies

(1.14) Bw'=0,

(115)  BoKjyn = 2Kfin + 10 (6igjn — 6h9j1) -

Kjikh # 0, where A, and u, are non-zero covariant
vector fields and called the recurrence vector fields.

2. Lie Derivative of Some Curvature Tensors
in GBK-5RF,

This paper investigates the behavior of curvature tensors
under the Lie-derivative. We derive novel relations
between various curvature tensors, such as the Riemann
curvature tensor, Ricci tensor, and scalar curvature, when
subjected to the Lie differentiation process. Our findings
provide deeper insights into the geometric properties of
manifolds and have potential applications in fields such
as general relativity and differential geometry.

In this paper we introduce the Lie-derivative of some
curvature tensors, associate tensor, torsion tensors, Ricci
tensor, deviation tensor and scalar tensor.

Using (1.4) to Cartan’s fourth curvature tensor, we get
(21)  LyKjen = v BiKjen— Kjen Bv* + K, Bjv*

+ Kl Bev' + Ky Byv' + 0,K, Bpv'y™.
Using (1.14) and (1.15) in (2.1), we get

Lijikh = vt (’11]<jilch +w(8kgn — 5filgjk)) :

Which can be written as

(22) LKy = UKjikh +p(8Lgjn — 6L9jx),
where v'A, =0 and vy =p .
Therefore, we can conclude that

Theorem 2.1. In GBK — 5REF,, the Lie-derivative of

Cartan’s fourth curvature tensor Kj, behavior as
generalized recurrent.

Transvecting (2.2) by the metric tensor g;,, , using (1.5)
and (1.8), we get

(23)  LyKjpkn = 0Kjpin + p(gkpgjh - ghpgjk) .
This completes the proof. Consequently.

We have shown that

Theorem 2.2. InGBK — 5RE,, the Lie-derivative of
associate of Cartan's fourth curvature tensor Kj,y,
behavior as generalized recurrent

Transvecting the equation (2.2) by y’/ and using
conditions (1.3) and (1.13a), we get

(24)  L,Hj, = oHip, + p(8kyn — 61Y1)-

Further transvecting the equation (2.4) by y* and using
conditions (1.3a) and (1.13b), we get
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(25)  LyHy = oHj + p(y'yn — 6,F?).
Thus, the proof is complete. We can conclude that

Theorem 2.3. In GBK — 5RE,, the Lie-derivative of the
h(v)-torsion tensor H:, and the deviation tensor H. is
given by the conditions (2.4) and (2.5), respectively.

Contracting the indices i and h in (2.2), (2.4) and (2.5),
respectively and using (1.9a), (1.13d) and (1.13c), we get

(26) LKy = 0Ky + (1 —n)pgjx -

(2.7)  LyHy = ot + (1 —n)pyy

and

(2.8) L,H =0H —pF? .

Hence, the theorem is proved. It follows that

Theorem 2.4. In GBK — 5RE,, the Lie-derivative of the
Ricci tensor K, , the curvature vector Hy and the scalar

curvature H are non-vanishing.

3. On Lie Derivative in GBK- 5RF,

In this paper we derive the characteristic equation of the
fifth space of Cartan's fourth curvature tensor K}kh by
using Lie-derivative

Taking lie-derivative of (1.6), we get
(31)  Ly(BsByBBnBmKjin) = Ly (@sqinm Kjien)

+ Ly[bsqinm (619jx — Ok Gjn)]

— Ly Csqinm (84 Citen — 6 Cinn)

- Lvdsqlnm (aiilekl - 51i thl)

~ Lyesquum (8kCiq — % Cing)

= Ly 2bginmy" By (8:Cjes = 8ic Cins) -
Using (2.2) and (1.5) in (3.1), we get
(32)  Ly(BsByBiBuBnKjin) = Bsqinm K

+ asqlnm(5iizgjk -8 gjh)

— Ly Csqinm (5ii16}'kn - 511; thn)

- Lvdsqlnm(‘siilcjkz - 51%: thl)

- Lvesqlnm(5rizc}kq - 51ic thq)

— Ly2bgimmy" B (8L Cjks — 6k Cins) . Where
Bsqinm = LyQsqinm + 0Qsqinm + Xsqinm = Psqinm -
The proof is now complete. Therefore, we can assert that

Theorem 3.1. The Lie-derivative of characteristic
equation of the fifth space of Cartan’s fourth curvature
tensor K, is given by (3.2).

Contracting the indices i and h in (3.2), (2.4) and (2.5),
respectively and using (1.9a), we get

(3-3) Lv(BquBanBijk) = :Bsqlnm Kjk
+ (1 —n)aggmmjx — (1 —n) Ly CsqinmCikn
-1- n)Lvdsqlnijkl -(1- n)Lvesqlnijkq
— (1 =n)Ly2bginmy " B, Ciks -

Having established the foregoing, we may now conclude
that

Theorem 3.2. The Lie-derivative of the Ricci tensor K,

in GBK- 5RE,is non-vanishing.

Transvecting the equation (3.2) by y’/ and using
conditions (1.13a) and (1.3a), we get

(3-4) Lv(BquBanBmH}ich) = ﬁsqlnm Hlich

+ asqlnm(dliyh - 6illyk) .

Further transvecting the equation (3.4) by y* and using
conditions (1.3a) and (1.13b), we get

(35) LU(BS.Bqu‘BanHTiL) = ﬁsqlnm Hill

+ asqlnm(yiyh - 5}11:2) :
Thus. We can conclude
Theorem 3.3. The Lie-derivative of Berwald fifth
covariant derivative of the h(v)-torsion tensor Hj, and
the deviation tensor H}in GBK-5RF,, are given by the
conditions (3.4.) and (3.5) respectively.

4. Conclusions

In this paper, we investigated the behavior of curvature
tensors under the Lie derivative within the framework of
generalized fifth recurrent Finsler spaces. We focused on
uncovering novel relationships between various
curvature tensors, including the Riemann curvature
tensor, Ricci tensor, and scalar curvature, when subjected
to the Lie differentiation process. Our findings provide
deeper insights into the geometric properties of these
spaces and have potential applications in areas such as
general  relativity and  differential  geometry.
Additionally, we built upon the definitions of the
conformal and conharmonic curvature tensors in this
context.

We achieved the following key results:

e We derived new identities that govern the behavior
of the Lie derivative of Cartan's fourth curvature
tensor, its associated tensor, torsion tensors, Ricci
tensor, deviation tensor, and scalar curvature
(Theorems 2.1-2.4).
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e We established that the Lie derivative of the
characteristic equation for the fifth recurrent space of
Cartan's fourth curvature tensor is non-vanishing
(Theorem 3.1).

e We demonstrated that the Lie derivatives of the Ricci
tensor, Berwald fifth covariant derivative of the
torsion tensor, and deviation tensor are also non-
vanishing in generalized fifth recurrent Finsler
spaces (Theorems 3.2-3.3).

These findings contribute to a more comprehensive
understanding of the interplay between geometric
structures and infinitesimal transformations in
generalized Finsler spaces. Future research directions
could involve extending these results to more general
classes of manifolds or exploring the implications of our
work for specific applications in physics and
mathematics.
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