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Abstract

The principal object of this paper is to study the (p, q)-analogue of Hermite matrix polynomials in three
variables using the generating function method. This study shows a class of (p, q)-analogue of Hermite matrix
polynomials with help of the generating functions such as explicit representation and some recurrence
relations for these (p, q)-polynomials are derived. The construction and derivation of these results give us an
idea of how to handle complex computation involving the parameters p and q.
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1. Introduction and Preliminaries.

In the last quarter of 20" century, g-calculus appeared as
a connection between mathematics and physics. We have
also a generalization of g-calculus with one more
parameter, we can say it is a two-parameter quantum
calculus. Generally, it is called (p,q)-calculus. The
theory (p, g)-calculus or post quantum calculus has
recently been applied in many areas of mathematics,
physics and engineering, such as biology, mechanics,
economics, electrochemistry,  probability  theory,
approximation theory, statistics, number theory,
quantum theory, theory of relativity, and statistical
mechanics, etc. for more details on this topic (p, q)-
calculus, see, for example, [8,17,35]. Burban and Klimyk
[35], Duran et al. [9,12,18,19], Jagannathan [33],
Jagannathan and Srinivasa [25], Sahai and Yadav [24]
have earlier investigated some properties of the two
parameter quantum calculus. Sadjang [6,11,13]
introduced the two (p,q)-analogues of the Laplace
transform, two (p, g)-Taylor formulas for polynomials,
(p, @)-Appell polynomials and developed some their
properties. Mursaleen et al. [15,16] investigated the
(p,q)-analogues  of  Bernstein  operators and
approximation properties of (p, q)- Bernstein operators
that are a generalization of g- Bernstein operators. Khan
and Lobiya [14] have nicely discussed a lot of
applications in different approximation theory areas,
such as per Weirstarass approximation theorems, basic
hypergeometric functions, orthogonal polynomials and

can be used in differential equations as well as computer-
aided geometric designs.

In this section, we will give a summary of the
mathematical notations and definitions required in this
paper for the convenience of the reader.

Let the g-analogues of Pochhammer symbol or ¢-shifted
factorial be defined by [3,4,11,13]

[aly="%, 0<lgl<tigec—{1} aecc (L1)

Where

. . 1-¢q
(l;lg}[a] —Llﬂ T—g =a

The g-analogue of =! is then defined by

1 ) n=20
ot =g - 11, (21,011, men (12

Or
(gt = [ty 01t =1, g e v
k=1

The (p,q)-number (bibasic number or twin-basic
number) is denoted by [a],, and is defined by the
following notation

pi—q®
p—q

[alpq = ,0<|ql<Ip|<1; pgaccC. (13)

For p,ga€C and 0<|q| <|p| <1, the (p,q)-
number and @, q)-factorial are given as follow. (see
[3,4,6,17])
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n_ ,n
_ P d , neN
ya=1pr—q

0 ) n=20

The twin-basic number is a natural generalization of the
g-number, that is

n

liminlyq = [y = =0 # 1
The v, o)-factorial is defined by
[Mlpg! = icalklpg n = 1; [0],! = 1. 1.9

Let us introduce also the so-called (p,q)-binomial
coefficient

[Z]M:% o<k<n knen. (15)

The (p, g)-exponential function is defined by (see [3,6])

k

epa () = Biop(2) 2 (1.6)

Klpa!
The (p,q)-complementary exponential function is
defined by

Epa(0) = 520 q(8) 2 (17)

Klpq!
It is easy to see that (see [3,6])
ep,q(%). Epq(—=x) = 1.

Let f be a function defined on a subset of real or complex
plane. The ( p, q)-derivative operator of the function ¢ is
defined as follows (see [6,13,24])

_ fox)—f(gx)
Dp,qf(x) = T o-ox , x # 0, (18)

and  ((D,4f)(0) = f/(0)), provided that f s
differentiable at 0, which satisfies the following relations
(see [3,6])

Dy, q€p.q(ux) = pey q(upx), p € C. (1.9)
Dp,qEp,q(ux) = UEy q(uqx). (110)

It happens clearly that D, ,x™ = [n], ,x™~" . Note also
that for p = 1, the (p, q)-derivative reduces to the Hahn
derivative given by

qu(x)=f(2:7§)(;po, x#0

The (p,q)-derivative operator satisfy the following
product rules as follows: (see [3,611,13])

Dy, (f (). 9(x)) = F(px)Dy 09 (x) + g(qx) Dy of (1), (1.11)
Also, the g-analogue of (x + y)g is given by [21]
(29 = G = 2" (7 ia) = 2 5o [y] dOE 0"

(1.12)

Let us introduce also the so-called the (p, q)-powers
[2,11,23]

xOa)pe=x-a)(px—qa)..(xp" " = aq"'l)}
x@ )}, =+ a)(px+qa) .. (xp" ! + ag" D))’
(1,13)

x®Y)pq = Zk=o [Z]p'q p(ngk)q(’zc)xkyn—k . (114)
Hermite Polynomials are defined by means of generating
relations [39]

expl2xt — 2] = 5o Ha(0) 5, (1.15)
exp[2xt + yt?] = Yo o Ha(x, ) % (116)
Shrivastava [10] presented and studied the classical

Hermite polynomials and its generalizations in the form:

t"h™

nim! "

exp[2x(t + h) — (v + D(t + h)?] = Em=o Ham (%, ¥)
(1.17)

Jodar and Company [34] introduced the class of Hermite
matrix polynomials H (X, A) defined by

exp[xtvV24 — t21] = .o Ha(x, A) %, (118)
and
Hy(x,4) = n! Zﬁ]oklgfi)! (2", n=o.

(1.19)

which appear a finite series solutions of second order
matrix differential equations y” — XAy’ +nAy =0,
for a matrix A in C¥>*N whose eigenvalues are all in the
right open half-plane.

In [27] Sayyed, Metwally and Batahan introduced a
generalization of the Hermite matrix polynomials of the
form

F(x,t) = exp[A(xtV2A — t2])] = ¥, Him(x,A)%.
(1.20)

Also, Batahan [26] presented a study of the two-variable
Hermite matrix polynomials defined by

F(x,y,t) = exp[xtV24 — yt?I] = T30 Ha(x, y,A)%,

(1.21)
where
H,(x,y,A) :n!ZE] 0 (x\/ﬂ)n_Zkyk, (122)

k=0 kI(n—2k)!

Moreover, Kahmmash [22] introduced and studied the
Hermite matrix polynomials of two variables defined by

exp[xtV2A — (v + 1)e21] = Z;?ZoHn(x,y,A)%, 1] < oo
(1.23)

where

Hp(x,y,A) =n! ZE] Gebia (X\/ﬂ)n_Zk(y + 1)k (124)

k=0 ki(n-2k)!

Pathan, Bin Saad and Alsarahi [20] studied on matrix
polynomials associated with Hermite matrix polynomials

t"h™
nim!’

exp[x(t + IV2ZA = y(t + W] = X2 0 Hum (%, y; A)
(1.25)

Also, Alsarahi [1] presented a study of the generalized g-
analogue Hermite matrix polynomials of two variables
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Hym(x,y,a; 45 q)

[”] [m] Z(n+m-2r-2s 2+5 r+5)2+(M725) 4 (2
ZZ( 1)(T+S)(a+1) 3 et (G )(q Darvas
Ll (@ Dn-2r (@ Din-25(@G Dr45(@G D2 (@ D25

x (xVZA) T T s, (1.26)

The following double series transformations that we will
occasionally use, are easy to prove [39]

NS Alkn) = X T Atk n - 20), (1.27)
and

Yo TieoAlk,m) = Bz i Alen— k). (1.28)
Similarly, we can write

- 02[ /Z]A(k n) = N oIl Alk,n+2k), (1.29)
S o Sho Atk m) = 5205k 2 At n -1, (1.30)
Yo Ti=oAlk,n) = Tio Tizo Ak, + k), (1.31)
T o e Ak, n) = S0 T Al n +mh), (1.32)

Yo XAk, n) = Noo S M Ak, n — (m — 1)k,
(1.33)

where m is a positive integer and n > m.

The main purpose of this paper is to obtain explicit
formula of (p,g)-analogue of Hermite matrix
polynomial in three variables for 0 < |q| < |p| <1,
q,p € C. We mainly use the (p, q)-calculus in the theory
of special functions. This work is organized as follows.
More precisely, we define the numerous (known or new)
(p, @)-Hermite matrix polynomial of three variables and
discuss some significant properties such as explicit
representations and some interesting differential
recurrence relations for the (p,q)-Hermite matrix
polynomial of three variables are discussed.

2. The @ ¢-Hermite Matrix Polynomials of
Three Variables

We introduce the (p, q)-Hermite matrix polynomial of
three variables by the following:

& [%] [

H,’f’m’u(x, v,2;4;p,q9) = z Z z(_l)ﬂ_ﬁ_v

r=0s=0v=0

p(nfkr+m;ks+u7ku)+(n;kr)+(m;ks)+(T+§+1l)+(kzr)+(kzs)q(mfks;ufkv)+(ufzkv)+(k;s)+(kiv)

x [n=krlp qllm—kslp ¢! [u—kvly ¢! [r+s+v]p o [kT]p g [KS]p ¢ [KV]p ¢!

X [kr + ks + kv, q! (xm)n_kr+m_k5+u_kv(y + )T, (2.2)

Now, we get generating function of the (p, q)-analogue
Hermite matrix polynomials in the form of the following
theorem:

Theorem 2.1. Let 4 be a positive stable matrix in CV*V
and 0<]|ql<Ipl<1, qpecC, the following
generating function for the (p,q)-analogue Hermite
matrix polynomials HY ..., (x, v, z; A; p, q) holds true:

X T80 T Boco(-1)7 2
(2.5)

X

=

Z HE o, 9,2 A;p, @) t*h™ g

nmu=0

= expp'q(x\/ﬂ(g +h+t)—(y+2)(g+h+k)
2.2)

Proof. Let us denote the right hand side of (2.2) by W,
then

W =eyq (xVZA(g +h +0).epq(~ +2)(g +h+ 1))
Appling relation (1.6), we obtain

p@(y+2)

w = Zp (x\/_) (g+h+6)3, Z( nr o
pq*

=0 r=0

(g9 +h+0k,
. (2.3)

which using relation (1.14), we find

23 n-my m
ve nZ:l:Jp : (x\/_) mZ:O[:;]p,qp( ’ )q(Z)tnim(g_Fh)g}q

[nlp,q!

0 ( ) r kr
PPy +2) k =) (5),kr-s s
Qo = D [, e
1 (2'4)
Using relations (1.5) and again (1.14), we obtain

@+ G (G 2) (xv2A)" gnmpmeu gu

[n=mlp g!lm=ulpq'lulp,q!

(7‘)+(k7‘ ks) (ks—kv) (ks)+( )(y+z)7[

W =Yoo Xh=0Xii=0

krlpq! thr—ks pls—kv gkv

[T]p.q!kr—ks]p q![ks=kv]p ¢! [kv]p 4! g
by using relation (1.31) in (2.5), we get
(n+7;t+u)+(721)+(7;1) (m+u) (u) " n+m+u
W=3r oSt b ETE T (\/ﬁ) t"h™ gt
p.q p.aq: Pq
THS+V kr ks’ ks kv’
% 5050 5oyt D O Dgeayernyy

[r+s+vlp g!lkr]p g lks]p g ! kv]p !

kvl tRT RS gRv (2.6)
thus, by using relation (1.27) in (2.6), we find
o [ [® [

W= Z ZZZ( 1)rsty

n,m,u=0r=0s=0v=0

y p(nfkr+m;ks+u7kv)+(n;kr)+(m;ks)+(T+§+1i)+(kzr)+(kzs)q(mfks;ufkv)+(u72kv)+(kzs)+(k21i)

[n=krlp g!lm=kslp ¢ [u—kvlp ¢! [r+s+vlp ¢! [k7]p ' [KS]p ¢! [kV]p 4!
—kr+m—-ks+u—k
X [kr + ks + kvl 4! (xv 2A)n rrmke v(y + z)THStvEnpmgu

By using definition (2.2), we obtain the required relation
(2.2).

Lemma 2.1. The polynomial H¥ ... (x,¥,2; 4;p,q) isa
(p,q)-analogy of each of the Hermite matrix
polynomials and the modified Hermite matrix
polynomials.

Proof.
# &l [&
lim Hf mu (6,2, A;0,q) = lim Z Z Z(—l)’“*"
r=05=0 v=0

p(n—kr+m;kﬁu—kv)+(n—2kr)+(m;ks)+(r+;+v)+(k2r)+(kzs)q(m—ks;u—kv)+(u—2kv)+(kzs)+(k2v)
[n=krlp qllm=kslp g [u=kvly o [r+s+v]p o [kT]p g ![KS]p g [kV]p 4!

n—kr+m-ks+u—kv

X [kr + ks + kv, 4! (xV24) yrtste
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n m o [u mks+u—kv\ , (u-kv , (ks) ; (kv
:Z[;] [7] [?] (=1)r+s+v ‘7< S )+(2)+<2)[kr+ks+kvlq!
T=0%5=0~v=0 [n—kr]q![m—ks]q![u—kv] g![r+s+v]g!

(xm)n—kr+m—ks+u—kvyr+s+v

[kr]q! [ks]q! [kv]g!

Hence, we get
lim Hy (5, Y, 23 45, @) = Ham(%,, 2,45 ).
Thus

1171511 Hf 1 (6,9,0;4;p,q) = HE 1, (x, 93 A). (2-7)

q-1

Putting k=2, and z=o0 in (2.7), we obtain the known
result (1.25).

Also k = 2 and replacing y by y + 1 in (2.7), we obtain
the result (1.23).

Also, we define that the generating function of (p, q)-
Hermite matrix polynomials HX, . (x,y,z;4;p,q) of
the second form in the following theorem:

Theorem 2.2. Let 4 be a positive stable matrix in CVN*V
and 0<|q|<Ipl<1, qpeC, the following
generating function for the (p,q)-Hermite matrix
polynomials HY ... (x, ¥, z; A; p, q) holds true:

©

Z HY o (x,y,2; A;p, q) t"h™ g

nmu=0

=E, (xV2A(g+h+ ) — (¥ +2)(g + h + 1)
2.8)

Proof. Let us denote the right hand side of (2.2) by U,
then

U=E,, (xm(g +h+ t)).Ep,q(—(y +2)(g+h+1)F)

Appling relation (1.7), we obtain

G)(x 2 (y+z
0 =520 (g 4k 0, B0 2 (g 4 h 4 0,
(2.9)

from relation (1.14), we find

O (xvZA nomy
=3 LEEELS 2], 5CBomi

[n]p,q!

X S (—1yr L2 )q@evr=3(g + h)3,

kr [kr (kr—s
[rlp.q!
(2.10)

5=0 ¢ ]p’qp 2

which using relations (1.5) and again (1.14), we obtain
P2+ (")+(m)+(“)(xr)

[ —mlpq! [m —ulpq! [ulq!

n—mhm—ugu

(GeON (ks—kv) @)(1)+ (ke )(y+z)’[kr]pq R —
[l g e —KsTp g Tes—Kvlp g Tt Tpg! g

T Xh=0 Zio(- 1" 2
(2.11)

by using relation (1.31) in (2.11), we get
p(g)+(gq)q(n+7;+u) (m+u) (u)(x\/_)n«fm«fu

(n]pq! Imlp,q! [ulp,q!

tnhmgu

SIS o B
b v s + lpq! [kr]pq! UesTpq! [kv]p,q!
X [kr + ks + kv, o t*T RS gk, (212)

also, by using relation (1.27) in (2.12), we find
o Il

0= 3 NN Yy

n,mu=0r=0s=0v=0

p(n;kr)+(m;ks)+(kzr)+(k25)q(nfkr+m72ks+u7kv)+(mfkszﬂkkv)+(u}kv)+(r+§+v)+(}(25)+(lc2v)

x [n—krlpq!Im = kslyq! [u — kvlp o [r + s + vl g! [krly q! [kslp ! [kv]p,q!

—kr+m—ks+u—k
X [kr + ks + kv, 4! (x\/ZA)n Trmke 1;(y + z)THstvgnpm gy

By equating the coefficients of t"h™g", we obtain the
other relation

il %] [

Hima Gy, 2 Aip @) = ) ) ) (<1)7*%

r=0s=0v=0

p(n—zkr)+(m;ks)+(kzr)+(kzs)q(n—kr+m—zks+u—kv)+(m—ks-z#u—kv)+(u—2kv)+(r+;+v)+(kzs)+(k2v)

x [n—krlpqtIm = kslyq! [u — kvlp g [r + s + vl g [krlp q! [ks]p ! [kv]p,q!

X [kr + ks + kv]p 4! (x\/ﬂ)n_kﬁm_kﬁu_kv(y +2)"SHY, (2.13)

which is other representation of HY .. (x,v,z; 4;p,q).

3. Recurrence Relations

Recurrence relations are central to both theoretical
analysis and numerical computation of special functions.
For the (p, q)-Hermite matrix polynomials of three-
index and three-variable, the following recurrence
relations hold.

Theorem 3.1. The (p, g)-Hermite matrix polynomials
of three-index and three-variable HY ., (x,y,2; 4;p,q)
satisfy the following relations:

aS
P4 HE o (%,9,2; 459, Q)
apq

s (2) (2)[S]p,q!
1(\/_) Z Z [s =7lpq! [r = v]pg! vy q!

X Hﬁ#—r—s,m#—v—r,u—v(psxtyv Z; A; D, q)! (31)

s
api:; nmu(xvy:Z,A:p: Q)

sk r sk T +(r v) (Z)+(1z;)[5k]

=0 IZZ[sk—rpq r—v]pq'[v]pq

r=0v=0

X Hp v —skmev-rau—v (6 D°Y, 0°2, A5 D, @), 32

and

as
alﬂl

H'r’fmu(ny:Z;Anp; Q)

s sk r sk r +(r2v) (Z)+(Z)[5k]
=D ZZ[sk—rpq r—v]pq'[v]pq

r=0v=0

x H£+r75k,m+ufr,u—v(x' Py, 0’z A;p, @), (33)

Proof. Differentiating (2.2) with respect to X yields

> d
£l Hﬁmu(x:y-Z; A;p, @ t"h™g"
ap'q

nmu=0

=VZA(g + h+ pgepq (pV2A(G + h+1)).epq(-( +2)(g + h + DY)
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1,1t (g +h =
=2 z[ palt 79+ Wig Z HE o u(0X, 9, 2; 4; D, @) t"h™ g

[1 - r]pq’ [r]pq n,mu=0

which on using relations (1.14) and (1.5), gives

p)
Z S (6,9, 4;p, ) "h g

n,mu=0 pa*
— 1]7“1
FZZ 1—rpq r—v]pq'[v]

r=0v=0

©

X Z Hr’f,m,u(px’ v,2; A; D, q)tn+1frhm+r7vgu+v

nmu=0

()

p'2’[1]

V2A im0 Ehoo oo oo HE
b

q'[T "]pq'[”]pq' n+r—-1m+v-r,u— v(px y'Z»A b, q)tnhm *

On comparing the coefficients of t"h™ g* on both sides
of the above equation, we obtain

a
L HY mu(6,3,24p,0)
p.a
ZZ POl (H ( Ap,)
=2 —1, —ru-v\PX, ¥, Z; A; P, q
] 1_rpq T—U]pq‘[U] n+r-1m+v-r,u—-v
Thus
2
7z M (6., 2 49, @)
p.aX
Y @540
2—7‘ T—U]pq'[U] n+r-2,m+v-r,u-v ) Z;
r=0v= O
Hence

%

.q k A =
oy (0,3, 2 4;p, @) =

(3) 4@
“10. A p'2q2[s]
ps 1( ZA) Z DZv 0[3 _r i ,H7l'f+r —S,mM+v—1u— v(p X, y'Z»A p'q)

Tpa!lr=vlpq!lvlpq!
which is the required relation (3.1).

Similarly, differentiating (2.2) with respectto Y yields

©

P)
P H (0, 2 A, @) " g
0 Opqy

nmu=

=—(g+h+t)k epq (x«/ﬂ(g +h+ t)).em(—p(y +2)(g+h+05

I

(2 tk r(g

+ 1)} Z Hf mu (X, 0y, pZ; A5 p, @) t*h™ g*

n,mu=0

By using relations (1.14) and (1.5), we find

— 3
Z 2 HY (6,9, 2,4 p,q) " g
nmu=0 pqy

k T p(k—r)+(TEV) ('r)+(|27)[k]

2 q'\2 va’
- Z Z Tk —1Tpg! [r = vlpg! V]!

X Z HE (6, py, pz; A; p, q) tHETT ATV guy

n,mu=0

TP
anu OZr OZV OW

r=vlp,q'lvlpq

By equating the coefficients of t"h™ g* on both sides of
the above equation, we get

Hn+r km+v-r,u— o (6, Py, pz; A;p, "R g

0,
0,

r k r +( 20 (2 [k]pq .
= _ZZ 'Hn+r—k,m+v—r,u—v(xrpyrpz;A; D, q)

k=1l lr—vl,q v
royo pa! lp.a! Vlpq

p"yHL‘mu(x y.% A;p, q)

Thus

9.4
3 )2 HY o (x,y,23 450, q)
g

2k 1 2k

r 2) (2)[2k]
=(-1) pZZ[Zk_r]pq][r_v]pq [V]ZZ]HnJrr 2k mtv-ru-v (6D %y, 0%z 4;p, @)

Hence
aS
3y L HE (6,9, 2459, )
p.q
o sk T sk r 2 2)+(2)[Sk] .
= (D% ZZ[Sk_T Tl — Tyt [v]pq,HW sm+v—ru-v (% PV, P°Z; A; P, q)
r=0v=0

which is the required relation (3.2).
In same way, we get the relation (3.3).

Theorem  3.2.  The polynomials sequence
HE mu(x,y,2;A4;p,q) satisfies the next recurrence
relations

[+ Uy gHh i1 mu (.2 A, @) = V2AxH 1 (0X, 4y, 42; 40, @)
_(y +
p(k 11)4(737) (r)+( )[k]

[k=r=1]pq!lr- V]pq["]pq

D cur ) A LHE o1 omsvoru—s (DX, DY, Z A4 D, D),

(3.4)
[m + 1y, gHf ma1u (6 Y, 2 A0, @) = V2AxHE 1, (X, Y, q2; A; D, @)

-G+
RO RCTR

k

z) I;;OI ;:0 Hn+r+1—k,m+v—r,u—v(va Py, pZ; A; D, q)v

(3.5)

and,

[ + 1y, g HE 1 (06,3, 2 A5 0, @) = V2AxHE ., (px, 4y, 92; A; p, @)
_(y +

p(k 11)4(737) (r)+( )[k]

[k=r=1]pq!lr- V]vq[v]pq

Hn+r+1 km+v-r,u— V(px Py, pz; A;p, Q)

(3.6)

k-1
Z) =0 Lv=0

Proof. Differentiating (2.2) with respect to t and using
(1.11), we find

> 9
Z 5 B (3, 2; A, @) €A™ g
p.q

n,m=0

= V24xe,, (pxm(g +h+ t)) epq(—qay +2)(g +h + ")

—[klp g+ 2)(g + h+ Dkle,, (px\/ﬂ(g +h+ t)) epq(—p(y
+2)(g+h+0")

By using relation (1.14) and definition (2.2), we get

Z (n] D.QH}‘f,m,u (x,v,2 4;p,q) t" 1 gt

n,m=0
=)

x Z HE u(px,qy,q2; A; p, @) "R g*

nmu=0
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_[k]pq(y
+Z)Z[k_1] pl'2) ter-1q

+ )5 z HE (0%, by, DZ; A; p, @) t"h™ g™

n,mu=0

Appling relation (1.5), we obtain

D+ UpgHama(y, 2 4ip,0) "R g

n,m=0

=V24x Z HY ma(px, 4y, 42 A; p, @) t*h™ g*

n,mu=0

k-1 r k1r+(rv) (2*(2[}(—1]

_[kpq(y“)zz e —r—1],4! r—v]pq'[v]pq

r=0v=0

©

X Z HE o (px, Dy, 023 A; p, @) MR IpmAT Y g

n,mu=0

u+v

thus

Z [n + 1]y gHys 1mu (%, Y, 2 A; D, @) t"H™ g

n,m=0
©

= V24Ax Z HY (0%, 4y, 42; 4;p, @) t*h™ g*
n,mu=0
ket v (RT3 ()+(Z)[
k — 1]p,q!
_[kpq(y”)zz k=1 =104 [r = v]pq! V]!

r=0v=0

©

x Z Hr’:+r+1—k,m+v—r,u—v(px' py,pz; A;p,q) t"h™g*

nmu=0
Now, on comparing of coefficients of t"h™g* of the
above equation, we get
[+ 1 gHi 1 mun (6., 2 A D, @) = V2AxHS 10 (DX, 47, 92; A; P, @)
-+
2Tk

p(k_zl_r)+(7;v) (r)+(2)[k] !

V=0 [k—r—1]p g![r— u]pqv[v],,q

Which the required relation (3.4).

Hn+r+1 km+v—ru— v(px pY,pz; 4; b q)

Similarly way differentiating (2.2) with respectto h and
g, we find

0

Z (M + 10 gHE ms10 (6, ¥, 2 A;p, @) t"h™ g

n,m=0
=

=V24x Z Hf mu(px, 4y, 42 A5 p, @) t"h™ g*

n,mu=0

k-1 r k 1 r+(r 1;) (T)+(127)[k—1]
_[kpq(y”)zz k—r—1],,! r—v]pq'[v]pq

r=0v=0

X Ymu=0 Hr’f+r+1—k,m+v—r,u—v (px,py, pz; A; p, @) "™ g*

and

Z [u + 1 gHE s (6, 2, A; p, @) t"h™ g™

n,m=0
=

= V24x z

n,mu=0

k-1 r k 1 T +(r v) (z)"'cz;)[k—l]

—[kpq(y+z>zz

r=0v=0

HY (X, qy, 923 A; p, Q) t"h™ g™

k=r—=1lp,! T_V]pq'[v]pq

X Z H1{‘t+r+lfk,m+v7r,ufv(px' py,pz; A;p,q) t"h™g¥.

nmu=0

Now, on comparing of coefficients of t"h™g" of the
above equations, we get

[m + 1y gHf ma1,u (6, ¥, 2 A0, @) = V2AxHE 1, (%, Y, 92 A; p, @)

k-1 k=1-1\ (T=Vy (1, (V
N p( A )q(2)+(2)[k]p,q! H¥ LA
+2) k=1 =1, [r —vl, ! V], ! n+r+1fk,m+v7r,u7v(px' pY,pZ; 4;p, q)»
— = p.q’ pa: Wipg:

r=0v=0
and
[+ 1 g HE 1 (.Y, 2 A 9, @) = N2AXHE 10 (0%, 4y, 92; A; D, @)
-y
k-1 7 klr (37 (2 [k]pq .
+2) TZWZ) Sy BT e N o W T Hrr1-imav—ru—v (0%, DY, 0Z; 43 D, ).

Which the required relations (3.5) and (3.6) respectively.

Theorem 3.3. The (p, q)-Hermite matrix polynomials
of three-index and three-variable HX ... (x,y,2 4;p,q)
satisfies the following relation:

p(n+‘r;+u)+(§)+(m) (m+u) (x\/_)n-#m-#u

[nlpq! [mlpq! [ulpq!

[%] ] ] pl 8P (5)g (55 )(y+2)”””[kr+k5+kv1pq HE_
=04v=0 [r+5+v]p gl g [ies]p g kv ] !

(3.7)

Proof. Using generating function of polynomials
HE o (x,v,2;4;p,q) and definition expression for
function exp,, (x+v2A(g+r+1) and exp,, (G +2)(g+h+0)")
we have

expp,q (X\/ZA(g +h+ t)) = exppq ((y +2)(g+h+
) Simauco Himu (6 v, 2 A p, ) "7

Using relations (1.6) and (1.14), we get
i i i p(;)+(n_2m)+(mz_u)q(’2”)+(12‘)(xm)" gompm-u gu

[n—m], ot [m —ulpq! [ulp 4!
- ii Zs: P(;)+(kr;ks)+(k5§kv)q( ) )(y + 2)lkrlpq! ghr—ks ples kv gkv
[rlpq! [kr = ks]y g [ks — kv], o' [kv], !

X Z HE (., 2, 450, @) t"h™ g*

n,mu=0

On using relations (1.31) and (1.27), we get
i p(n+1;+u)+(;)+( (m+u) )(X\/_)n+m+u

[n]pq! [mlyq! (Ul q!

tnhmgu

o ©

pU ) GBI D)y + 2yt ¥k + ks + kvl !
[r+s+ vl g [krlpq! [ks]p gt kv]pq!

n,mu=0r,s,v=0

X Hf o (2, 7,23 A; p, @) 7T REES gutky

Comparing of the coefficients of t"h™g" of the above
equation, we obtain the required relation (3.7).

Conclusion

The (p, g)-Hermite matrix polynomial of three variables
is introduced and some of its recurrence relations are
established in this paper. The approach used to introduce
(p, q)-Hermite matrix polynomial depends on the scalar
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form of that function and the recurrence relations
obtained are corresponding to the properties of the scalar
function.
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