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Abstract

In this paper, we investigate the logarithmic coefficients for a new subclass of close-to-star functions
associated with the sine function. We derive explicit formulas for the first six logarithmic coefficients v,
through ys for functions in this class. We obtain upper bounds for the Hankel coefficients, Hankel
determinants H-,1 (f), Ha2 (f), Hz,1 (f) and Ha (f) associated with the class CST;(sin z). In addition, we derive
sharp estimates for the Hankel determinant for the logarithmic coefficients H> (£ /2) and H>» (Fy/2) within

the same class.

Keywords: Analytic functions; Close-to-star; Taylor coefficients; Logarithmic coefficients;

Subordination; Hankel determinant.

1. Introduction

This study lies within the broader framework of
geometric function theory, particularly the study of
analytic and univalent functions in the unit disk.

Specifically, it focuses on the subclass of close-to-star
functions, which are generalizations of starlike functions
and are fundamental in understanding the geometric
properties of analytic functions.

Let A denote the class of functions f that are analytic in
the unit disk

D ={z:z € Cand |z| < 1}, and that have a Maclaurin
series expansion of the form

f(z) =z +zoo a,zm™ , (z €D). (11D
m=2

A subclass of A , denoted by § , consists of functions
that are univalent and normalized such that f(0) =
0, f'(0) = 1. Let S*denote the subclass of § consisting
of starlike functions, i.e., f € §* if and only if:

zf'(2)
f(@)

Let B denote the family of Schwarz functions w(z), that
are analytic in D given by

Re >0, z€D. (1.2)

w(z) = anz" , (z €D),

and satisfying w(0) = 0 and |w(z)| <1 for all z € D.
Given analytic functions f and g in D, we say that f is
subordinated to g, written f < g, if there exists a
Schwarz function w(z) such that f(z) = g(w(2)) ,z €
D.

When g is univalent and f(0) = g(0), then f(D) c
g(D).

For fixed constants A and B satisfying —1 < B <A<
1, denoted by P [A4, B], the family of functions

p(z) = 1+2cnzn.
n=1

A function p(z), analytic in the unit disk D, belongs to
the Janowski class P [A, B] if and only if

1+ Aw(2)

T+iwe’ P

p(z) =

where w(z) is Schwarz function. This class P [A, B] is
known as the class of Janowski and was introduced by

[1].

Class P [A,B] ¢ P[1,—1] = P, then it reduces to the
class P(Carathéodory Class), the well-known class of
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functions with positive real part consists of functions p
that satisfy Re p(z) > 0 andp (0) = 1.

A function f € A is called close-to-star if there exists
g € §*and B € Rsuch

that
ef(2)
e —
9(2)

Denote by CST the class of all close-to-star functions
introduced by [2].

>0,z€D. (1.3)

Note that f € CST if and only if a function

F(z) = Z@dt,z €D,

is close-to-convex.

The class of close-to-star functions and its subclasses
were intensively studied by various authors (e.g.,
MacGregor, Sakaguchi, Causey and Merke); for further
references, see the reference by [3]. Given g € §* and
B € R, let CSTz(g)be the subclass of CST of all f
satisfying (1.1).

In [4] defined and considered some familiar subsets of

analytic functions associated with the sine function in the
region of unit disk on the complex plane.

For example, the class §*;, of starlike functions, C;,, of
convex functions and Ry, of bounded turning
functions:

zf'(2)
f(@)

S sin ={f € A: < 1+sinz, ZED},

_ L 2f'(@) .
Csin—{fec/l.1+m<1+smz, ZED},

Rsin ={f €eA: f'(z) <1+sinz, z € D}.

Also, they find the Hankel determinants of order three for
these classes.

The class §*4, was established by [5]and studied the
radii problems.

In [6] defined and considered some classes with bounded
turning function connect to the sine function, they
studied upper bounds for the third and fourth Hankel
determinant related to such classes.

In this paper, we consider a subclass of close-to-star
functions associated with the sine function. The sine
function, being a classical transcendental function,
possesses rich analytic and geometric properties that
motivate the present investigation.

We now introduce a subclass of close-to-star functions
associated with the sine function follows:

Definition 1.1.

Let D ={z:z€ Cand |z| < 1} denote the open unit
disk and let k € $*be the Koebe function defined by

k() = z +z°° . _1<1+Z)2
= (I_Z)Z_Z n:znz T 4\1-2z
1

4

Also, let ¢(z) =1+ sinz where ¢ is analytic and
univalent in the open unit disk D and satisfies @(0) =
1 and Re @(z) > 0.

We define the class CST (sin z) as the set of all functions
f in satisfying the subordination condition:

% < @(2), z €D. (1.4)
This definition introduces a new subclass of close-to-star
functions associated with the sine function, where the
geometric behavior of the class is governed by the
mapping properties of the dominant function 1+
sin z. However, most of these works have focused on
coefficient estimates, geometric properties, or second
Hankel determinants.

In contrast, this paper introduces distinct subclass
CST,(sin z) defined by subordination associated with
the sine function ¢(z) =1+ sinz, and presents a
comprehensive study of the logarithmic coefficients y,
to ygas well as higher order Hankel determinants
H2,1(Ff/2); H,, (Ff/z): Hy1(f), Hyp (f),H3 1 (f) and
H,1(f) while the general framework aligns with prior
literature in geometric function theory, this paper
distinguishes itself by providing new sharp bounds for
both Taylor coefficients up to and logarithmic
coefficients, which have received limited attention in
previous research. This extension bridges a gap in the
literature and contributes to a deeper understanding of
analytic behavior in sine-associated
subclass CST;(sin z).

The Fekete-Szegd inequality is a well-known result
concerning the coefficients of univalent analytic
functions, originally formulated by Fekete and Szeg6 in
1933 in connection with the Bieberbach conjecture. A
related and important problem in the theory of univalent
functions is the study of Hankel determinants, which
have proven useful in the investigations of the
singularities and power series with integral coefficients.

For the functions f € A of the form (1.1), in [7] stated
the £t* Hankel determinant as

An  Qni1 An+e-1
An+1 Any2 Antp—2

Hpn(f) = ) (1.5)

Anip-1  Qnie An+2(6-1)

(@ =1&n e N = {1,2,--.}).
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In particular, we have

a a;
H2,1(f) = |a2 a3|
-a,2(a; =1,n=1,¢
=2), (1.6)
a, as
Hz,z(f) = |a3 a4|
= Ay04
—a32 (n=2,¢=2), (1.7)

a; a; as
a; Qz Q4
as a, Gas

= azas — a3 — af — ajas

+ 2a,aza,

= azH,,(f) + a4l

+ asH, 1 (f), (1.8)

where I = aya; — ay,

H3,1(f) =

and
a; a; az a,
_ a2 a3 a4 as
H4,1(f) - as a, as Qg
a, as ag 4ay
a, a4z Q4
= —a4 a3 a4 as
a, as Gag
a; Qaz Qg
+as(d2 Ay Gas
as as Qag
a; Qa; Qg
—ag |42 Q3 4s
as 4, 4ae
a; d; das
+a;|q2 az a,
as a, das
= —aylas(azas — a) — as(azas — aza,)
+ ag(aza, — az?)]
+as[az(azas — ai) — as(as — aa,)
+ ag(a, — azaz)]
—aglaz(aas — aza,) — as(as — aya,)
+ag(az — ay? )] + a;Hs 1 (f)
= a;H;1(f) — agp; + asp, — aups, (1.9
where p1 = az(azas — azay) — as(as — aza,) +

ag(az — a®),

p; = az(azas — ai) — as(as — aa,)
+ ag(ay — azas),
ps = as(azas — af) — as(a,as — aza,)

+ ag(aza, — as®).

We note that H,;(f) is the well-known Fekete-Szeg o
functional [8], that is generalized as

V(,Ll,f) = |a3 - Mazz |' (110)

foru € C.

Recently, the Hankel determinants of a function f € A
whose elements are logarithmic coefficients of f € A
have been introduced by [8, 9]

Yn VYns1 o Vn+e-1

'y ]/ _
Hon(Fp2)=| 0 "0 0 T
VYn+t-1 Vn+e Vn+2(6-1)

The logarithmic coefficients are defined in the series
form

f@_.N
log——=2 ) y,z". (111

V4

Taking e of the exponential of both sides of (1.10), and
differentiating logarithmically, we obtain

1
=50, (1.12)
1 1 )
vo=3(0s -5 ), (1.13)
1 1
Y3 = —(a4 —ayas +=a3 ) (1.14)
2 3
1 2 1, 1,
y4=§(a5—a2a4+a2a3—za3 —Zaz), (1.15)
1 2 2
Vs = E(% — Q05 — a3a4 + a3a4 + ayas
5, 1
- a3a2 + gaz ), (1.16)
1 2 3 2,2
Y6 = E<a7 — Q06 — Q305 + 305 — 5243

- a,0] —sdi 42 +5 a3
a,a; 2a4 a,asay 3 as

+ aza; — %ag). (1.17)
The logarithmic coefficients have great importance, for
instance, these coefficients helped [10] to solve
Brennan’s conjecture for conformal mapping and
estimation of the logarithmic coefficients can be
transferred to the Taylor coefficients of univalent
functions via the Lebedev—Milin inequalities [3] for
details).

Some recent works on this problem that relate to the
theory of univalent functions have been studied in [11-
14] but only a few papers have been published for the
class of starlike functions with respect to other points.
Motivated by these works, in this paper, we obtain the
upper bounds of the Taylor coefficients |a,|,n =
2,3,4,5,6,7.

In recent years, many papers have been devoted to
finding the upper bounds for the second-order Hankel
determinant H,,, for various subclasses of analytic
functions and the upper bounds for the third and fourth-
order Hankel determinants by many researchers [15-21].
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The present work investigates a subclass of close-to-star
functions associated with the sine function function. The
sine function, being a classical transcendental function
with rich analytic and geometric properties.

The study expands theoretical knowledge by deriving
sharp estimates or properties of higher-order logarithmic
coefficients and connecting classical functions with
complex analysis by associating the sine function with a
subclass of starlike functions.

The paper opens up new directions for analyzing function
classes that are both geometrically meaningful and
analytically rich.

Despite the extensive literature on subclasses associated
with special functions, comparatively little attention has
been devoted to logarithmic coefficients and higher-
order Hankel determinants for close-to-star functions
associated with the sine function. Motivated by this gap,
the present work establishes explicit coefficient
estimates and derives upper bounds for several Hankel
determinants within this newly defined subclass.

2. Preliminary results

In this section, we give some lemmas to prove our main
results.

Lemma2.1. [3] Forafunctionp € P oftheformp(z) =
1+X,¢c,2",z€D

the sharp inequality |c, | < 2 holds for each n = 1 and

2 2
C C
C2_71 Sz_lzl.

Equality holds for the function p(z) = % .
Lemma 2.2. [22] Letp € P of the form p(z) = 1+
Yo Cpz,ZE€ED

andp € C. Then

e, — megcnoil < 2max{1,|2p — 11},1 < k <
n— 1

If |2u — 1] = 1, then the inequality is sharp for the
1+z

function p(z) = —

or its rotations.

If |2u — 1] < 1, then the inequality is sharp for the
1+z"

1-zn"

function p(z) =

or its rotations.

Lemma 2.3. [4] Let p € P of the form p(z) = 1+
Yo cp2",ZED

and a,,8 € R. Then

lac? — Bey +yesl
< 2|a]l+ 2B — 2q]
+ 2|a — B + 6.

Lemma 2.4. [23] If p € P of the form p(z2) =1+
Yo, cp 2™,z €D, then
—4u+2ifu<o0
lc, — uc?| g[ 2ifo<pu<1
4p—2ifu=>1
Whenu < 0orpu > 1,the equality holds if and only if
p(z) isgor one of its rotations. If 0 < u < 1, then

1+2z2 .
Z_ or one of its

1-z2

rotations. If u = 0, the equality holds if and only if

equality holds if and only if p(z) is

()_<1+1/1)1+z

P =372 1 =2
+(1 1/1)1_2(0</1<1)
2 21+ 2 V==

or one of its rotations. If u = 1, the equality holds if and
only if p is the reciprocal of one of the functions such
that the equality holds in the case of 4 = 0.

Lemma 2.5. [23].
If p € Poftheform p(z) =1+Y7 ¢, 2",z€U,
then

4
2lp— 4] ifu <

|HC3_Cl3|S 5 u 'f4
=<
u li—113 u

3. Taylor coefficients and Fekete- Szego
inequality for f € S-(sin z)

Theorem 3.1.
If f is of the form (1.1) belongs to CST;(sin z), then
|a2| < 3 ,|a3| < 6I|a4—| < 101|a5| < 17

313
,|a7| S -

< —
lag| < 2 6

and

las — paz| < [2(1 —2p) + 3 — 4u|
1(—4v+2ifv<0
+-{ 2ifo<v<1,
4v—2 ifv>1

where v = %(1 + ).

Proof. Since f € CST,(sinz), from definition of
subordination, there exists a Schwarz function w with
w (0) = 0and |w (2)| < 1, and from (1.4) we have

%=1+sinw(z),zED. 3.1

Assuming that

1 [ee]
p(Z)=1_+—VV:((ZZ))=1+ZCnZ”,
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1+ w(z) =p(z)(1— W(Z)) = W(Z)(l + p(z))

=p(2) -1
This leads to
p(z)—1
w(iz)=—
@ =@+
1 1 1 5\ o
ZEC12+E<C2_EC1 )Z
1 1 3\ 3
+E(C3_C1C2 +ZC]_ >Z
1 1 3 1
+§<C4_C1C3_EC22+ZC12C2_§C14>Z4
1 1
+§(c5 — 1€y — CpC3 — 502013
3 3 1
+ZC22C1+ZC3C12+EC15)ZS
1 1 )
+§(CB_C1C5_C2C4—_EC3
1 3
+Zc23 —chzczz
3 3 5 1
+56162 63 +ZC4612 + Rcl‘*c2 ~% c16>z6 + -

Hence, from the right-hand side of (3. 1), we obtain

3
1+sinw(@)=1+ W(Z)—%
(w@)°
+T—...

1 1 1 2\ o
=1+§C1Z+(§C2—ZC1 )Z

3
+<4C1 —ﬁ+c—3)z3

48 2 2

(e 5¢,2c, €2 g
2 16 4 2

4
C5 —C1C4 —Cyc3 1
+ (f‘@cﬂf
N 5¢,%c; 4 5¢3¢,2 1 05 ) 5
16 3840 *
€6 — €105 —C2¢ 1
( 2 T3c
5 5
+g 62 €3 +EC23
+iC14C2 _1C2C13 +3C1 C4
32 8 16
3 1
—Eclzcz2 +% c16>26
+ . (3.2)

On the other hand, since f of the form (1.1), this gives

f(2) =z + ayz% + a32° + a,z* + asz® + agz®
+ a7Z7 +. M )

and

k(z) = Z+an"
n=2

=z 4+ 22% + 323 + 4z* 4+ 52°
+ 625+ 727 +---.

Further, we have from (3. 1) that
f(@)=k(@A +sinw(2)),

z + a,z° + a3z + a,z* + asz® + agz® + a,z’
+. .
=(z + 2z% + 323 + 4z* +52°
+62z6+7z" +--°)

1 1 1 N\,
1+§clz+(§c2—zc1 )Z
3
N 5¢; Gt o)

48 2 2

1 5 1\ .
+_(C4 C1C3 ECZ +§C1 C2 Ecl )Z
C5 — €104 —Cyc3 1 3
( 2 Tgea
2 2
+5c2 c; +5¢3¢4 N 1 05 )5
16 3840 '

Ce— C1C5 — CCq 1
(g
+5
=C1C; C
g 162 €3

5 1 1
+4—8c23 +3—2C14C2 —§c2c13 +1—6C12C4 —1—6C12C22

T 6).6

riae)rere] @)

Expanding the series and comparing the coefficients
ofz",n=1,2, 3, 4,5,6,7 on both sides of (3.3) yields

1
a, =2+ 51 (34)
e+ 2 Clz+3 (3.5)
a3 - C1 2 4 ) .
5¢,.3 ¢, g c? 3
_ e e T SR MR S
ay 48 > +2+C2 2+2C1+
5 24cic, 24c
_2(.3_
~ 48 <C1 5 5 )
%\ 3
+ C2—7 +EC1+4, (3.6)

a5=5+_+
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1 Cy 5 c
+2¢ = 5(64 —€1C3) —Z(Cz —3a >_§

5 24c,c;  24c4
— 3 _
+24(C1 5 5 )
3 c?
+E Cy — 7 + 2C1 +5, (37)
Cs — €€y — CpCc3 1 5 5¢,%c; + 5¢3¢,2
=T T8 T 16
1
3840 '
2

1 5c5c,2 1 .1 s
25(55_C1C4)+ 16 +—384061 _5526'1

5¢,%¢; GG
< 16 N + (¢4 — c103)

L0
48
24c,c 24c c 5
3<C13" 5t 53) 3 ( 2)
a®\ 5 ot
+2(c,——=—|+zc,——+6

1
= 2 (cs — c1€4)

1
3840 ——¢;%(c;® — 480c;c, + 1200c¢3)
1 5
3¢ (C3 - §C1cz) + (€4 — €163)
G
21 16
5 24cic,  24cy Cy 5
tiglat-=57+57) -5 (e —347)
2
+2<C2—7>+6 (38)
and
Co — C1Cs —Cycy 1 5 5
7 = = —Zc32+§clc2c3 + 156
1 1 5
32C1 C2 — 8C3Cl 1661 %cy
3 1
_Eclzcz +%616

C5— €€, —Cc3 1
N 5¢,%cy + 5¢3¢,2 1 .
16 3840 !

1 1,
+5< cz—ch)

5¢,3 c¢0, ¢
+4( 1——LE+§)+3q+7

48 2

= E(% — €4Cs5)

5 1, 1
+ <_C1C2 C3 __C3 __C3C1 )

2 Tgea
5c,%c, + 5c;¢ 1
16 3840 >
+ 3¢, +7
2

1 1 5
=§(C6 —€1C5) —5C; (C4 __C22> +5

2 24
1 c,?
E CZ_T +3C1+7
1 1 5
+3_2C1 (CZ +§C1 )
5 3 5 24cic;  24c,
trat (o -5e)rp(er - =57+ )
1
—§c3(c13 —5¢,¢; + 2¢3)
1
+2 [E (cs — c164)
3840 ——c;%(c,3 — 480¢;c,
+1200c5)

1 5
“5er(e 5]

1 Cy 5
+3 [5(64 —C3) — Z(cz ! )
ot
——32], 3.9

Using the triangle inequality and Lemma (2.2) in (3. 4),
we get
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1
jazl < 2+5-2=3.

Now, applying Lemmas (2. 1) and (2.4) in (3. 5) and
Lemmas (2.1), (2.3) and (2.4) in

(3. 6), respectively, implies that

2

Ia3I=§cz—%+|c1|+3s1+2+3=6,
whereuzl.
lay] < [2|1|+2| 21)|+21 24+24”
4l =73 5~ 2
3
+2+2-2+44
2
5

(4+28)+9—1o
~ 18 5 o

whereazl,ﬁzg,dz?,uzi

Consequently, by applying Lemmas (2.1), (2.2), (2.3)
and (2.4) as well as the triangle inequality in (3.7), we
obtain

1 1 16 5 4-8 3

3 1
=1+§+5+§+2+3+4=17.

Using the triangle inequality and Lemmas (2.1), (2.2),
(2.3) and (2.4) in (3. 8), we get

1
lal < 1+ 5o 412111 + 21480 — 2(1)]

+2|1—480+1200|] +2 + 2

+2(5 1)+3 > (4+28>+2
2 wB\* 1t

5
242246

5
:1+§+4+3+3+4+5+1
+6= >9

==

1 5

Where #1=”2=1'”3=E'”4=g!a1=1l.81=
480,6; = 1200, a, =1,
24 5. = 24
5°'?27 5°
Using the triangle inequality and Lemmas (2.1), (2.2),
(2.3) and (2.4) in (3. 9), we get

B2 =

| |<1+3+5+5+2+2(1+5+2)
4l = 273 2

3 1
+3(1+E+E)+4+5+6+7

313
6 )

61 61
= +11+9+22=—+42=

where

3 1

=100 =1p0=56=2,1p =g =73

3 ;ﬂzl-

Zﬁ,‘lLS:l,QZZL

B, = 480,68, = 1200, ue :% My =1, ug Z;%
24 24
= 1’ﬂ3=?'63=?'
1
MSZE-
2

) ¢l 1
—ua; = ¢, +?—T+3—ﬂ(2+ EC1>

C
=(1—2,u)c1+?2+3—4u

1
—7 0+ ma’® =0 =2mc +3 -4

1 1 i
+E[C2 _E(l + e ]
where v = %(1 + ).
By Lemmas (2.1) and (2.4), we get
las — paz| < |(1 = 2p)c; + 3 — 4yl
1 1 5
5|lee =5 @+ wer?]

< 2(1-2w) + 3 — 44|

+

+5] 2if0<v<1.
4v—2ifv>1

This completes the proof of Theorem (3.1).

Remark on sharpness:

The estimate for a,is sharp and is attained by the
extremal Carathéodory function

p(z)———1+22

we obtain ¢; = 2. Substituting into (3.4), we get a, = 3.
Or the extremal function

@ z(1+smz) 74327 4 573 +41 -
f(z) = e z2 z G

For the higher-order coefficientsas, a,, as, ag and a, the
obtained inequalities provide upper bounds.

The sharpness of these bounds remains open further
investigation.

Corollary 3.1.
If f is of the form (1.1) belongs to CST;(sin z), then
|H,1 ()] < 4.
The inequality is sharp.

Proof. Putting u = 1 in theorem 3.1, we obtain
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5 1
|H2,1(f)| =laz — az| <|5—8]| +E'2 =4,

where v =%(1 +1)=1.

The estimate for a; — a3is sharp and is attained by the
extremal Carathéodory function

()_1+z_1+zi n
pZ_l_Z_ Zr

n=1

we obtain ¢; = ¢, = 2. Substituting into (3.4) and (3.5),
we get

Hyy(f)=5-9=-4> |H2,1(f)| =4.

4. Hankel determinant for the Logarithmic
coefficients of f € CSTy(sin z)

Theorem 4.1.
If f is of the form (1.1) belongs to CST;(sin z) , then

3 5
lyil < 2 Av2l < 1, 0ysl £ =

6 )
ol < 19 | |<9743 | |<335
Val = 5 sl =00 el =757
Proof. Putting (3. 4)- (3. 8) in (1.12)- (1.16), we obtain
a, 1
]/1=7=1+1C1 (41)
1 2
V2 =—(a3 7% )
1 G
—5F+7‘z*3
1 c,?
—(4+
2 4
+2c1>]
11 ,
3 2(c2 4c1)+1], (4.2)

1/13¢;® 3c¢ic; ¢3 2
=E< 8 4 2 §)
_ 1113 3 36 24
=3las(e - ae+ 339
2
+§], (4.3)
11 cy ot
Ya = E[E(% — €1C3) _Z(Cz 34 >+ 5 37

5 24c,c,  24c4
+agle’ - )

1 5 24c,c 24c
+ _Cl>(_<613_ 5 53>

3 c? c,  ¢?

+EC1+4)+ 4+ 2C1+T Cl+?_T+3
1 c, €2
—E<C12+6C1+?—T

3,2 1 1 c%c
+C1C2_ 21 +EC14_EC13+3C2_ 142+9)

1 2 s, 1
_Z(l6+ 16¢; + 6¢,° + ¢4 +1—6c1 )
1 <17 13¢c%¢c, ¢ 3c¢qcs

2 2+ 16 2 4
3¢, 37¢,* f 3c12)

1| 37c 156¢, ¢ 144c
_ [_ 1 <C13_ 1C 3)

20 192 37 37
1 3c,2\ 1 ¢
+z(%‘"z—)+§+ir
3¢, 2
+— ] (4.4)

1
— 2 2
ys - E(aﬁ - a2a5 - a3a4 + a2a4 + a2a3

L1y 11
—aza; + T @ ) = E[(E (cs — c1c4)

+ 3840 c;2(c;® — 480c;,c, + 1200c¢3)
1 5
- ECZ (C3 - §C1C2) + (€4 — €103)
5 24cic,  24cy
_ 3 _
16 (Cl 5 5 )

Cy 5 c
‘"7@2‘zﬁ0+zﬁé‘30

PP A
2% 16
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Function
1 \/1 ¢ 5, 1 , 3
—(2 + Ecl) (E(C4 —1C3) _T(Cz 24 > +5 G286 = C5 = 5 C1Cq ~ C2C3 +§c3c1 +§c2 c
4
C1 5 ;  24cic;  24c 1 3 59
——+—(c*— ——cd - +2
32 1 24 (Cl 5 s ) 16 20" Tqg50 T
3 c? +=ci%c,
+E Cy —7 + 2¢4 2
24 ! + L + 2c16; + 3¢5+ 4
¢, ¢ - - — -
—<C1+?2—% Cr T T 50 T30 Clczl C3 C2
2
+3 (5 ( 3 246162+24C3> _2C1 +8C1+12 +ZC]_CS
4g\“ 5 5 Lo
L3 4
24 1 5 ., 5 . 1 ,
< C12> ) _ZC1C2C3 +§C1 C2 +§C1 CS_Rcl C2
+ CZ — +4‘ 1 1 5
2 +WC16 _§C12C3 +ZC12, (4.6)
_<C e o ) ; ;
1
2 4 asas = 11¢; + €16 +§C2613 - Zczzc1 - chzcg,
+3 (8+6cl+5612+ 1c13> 29 19
) 2 8 _EQ +%C1 16C1 C2
+(2 + —Cl) 1 1 5 33 1
2 —5ht m a6 —ga’ — o0 +7C2+ZC2C4
5 c;  Cp? 3¢, 1 , 1 7 1, 1
c1° +6cq +?_T+C1C2_T+1_6C1 _Ecl +3—2C1 C2 §C2 _ZC1C2C3
2
C17C2 1 5 3 1 7
+3C2_ 4 +9) _EC1C2_§C13_EC12+7C2 +ZC2C4 +§C12C22
1 5 1 1 3 1 3
— =} — =03 — =%
+§<20612 + 32 +40¢; + 5¢;° +§cl4+§c15> ] 82 41723 3p1 72
2 3 3 1 1 3
n <2c1 +%+ 4) +5 6205 +ZCZZ —§c4c12 +§c13c3 +ESC16 +5 ¢
+15 + 3¢, (4.7)
5 24cic, 24c3\ 3 ;2 9 5 1
3
(E(Q -5t )+§C1+4+ €2 =" a%as=20+18c1+Zc12—gc13+Ecl4—%c15
1 3
1/1 3 3 9 23 + 2C4 + C1Cy + §C4_C12 — §C12C2
- E(ECS T30l T 3Gl g a’ — g’ 5 ; . )
13 35 5
— %0+ =—¢c;° + =42 +§C2C13 +ac14cz - — 3¢ ¢y — 16C1 c°
16 256 4 3 1 1
2_2.3
1 35 7 7 43 2 — 760 €160 — (6
_C1C3_§C14 _@C13+§C1C2_§C3 +7C1+§> 4 8 128
+4c; + 6¢, (4.8)
1 1( 3 ) 23 ( ; 39 + 18 ) 3 147 3 21
=—|zlcs—zcics )| —=—c3l° — — cic; + ==
22\ 271) 2472\t 46 1% T 2373 §a§a3—Tcl +2c2 +15c1c2—?cl +72¢,
+ZC c 561 9 3 3 2 2 2
8 1 2 24 _ch +ZC2 C1+§C1 C2+18C2
5 3 3 3
€1 (Cs _15152) _§C2C1 32 561767 FBCl
3 3,2\ 35 . 3
_ -z 54, 4.9
4-¢:3<cz 2 ) JEgCl T34 T34 ey + (4.9)
7 43 2
—§C3 +7C1 +§, (4.5)
to determine the required bound, we first derive the
following relations
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3 7 3 ) 37 17 37 5 2 293 6
a,a; = Ecl + 2c4¢y + 4¢3 + 8¢, + 36¢; + 11¢; ~18 — 30,8 1661 Cy — 3 —Ci°Cc, — mcl
1 41 3 67 5
+— +— =c;? ——q°
6%’ 384 @’ myate T80 3524
3
+3 - — 34 —c,? 1 5 119 145
1C1C3 8 szl 4‘ Cl C3 + §C12C2 - Ecl C3 73C1 + ﬁcl + ﬁ Cl + C1C2
+— +32, (4.10 3 3
TG T (4.10) —at o430
25 1 5 1
2 _ 202 4 Z .2 1 1 111 3
453080 T3 Tggh et yS ——c12+—)=_[—(c6——c1c5>
5 ! 2 o : ? 237 ? 78 18
—c 3¢ —=ccc3 + €
45L8 Lo —Ec3(cl3—§clcz+§c3>
_-.2
2612 17 37
+EC1 (c4 ﬁcz )— 73¢c,
3 2412 +8 > + > 187 586
-5 €1 — 66 =50 ——c’+—ct 4( 2)
2 3 48 16 +— -
L1 192 “1°\“2 7 2805
—C°Cq +§C2C1 + cyc3 C2 (C4—EC22)
1 3 36
—501203 + 56163 +c3+ 16, (4.11) 413 (C 3 2) 145( e ﬁc )
; 3 2 T 145 a2 T g5
a2a3a4 = 2C14 __C12C2 +_C1C3 + 3C1C2 +_C13 +_C1 (CZ _iclz>
89 4 3 2 48 536
+_C12 + 23C1 +_C2C13 119 4 80
o ° 70 (%" + 139 4%~ 119%)
3 1
_ZCZZCI + EC2C3 + CZZ + 10C2 + 3C3 + 24 —_ Z(:22 +§:|. (4.16)

7 1 1

+ §C14C2 - §C12C22 + §C1C2 C3
5 1 1
—_—— 6 -3 -5
S T1g4 c3+16c1 , (4.12)
9 7 3 3
a33, =27¢; +ZC12 _EC13 _EC12C2 +ZCZZC1 +§C23
3 3
- 4 .~ 5
6% T16%
Lo, 45 .9 ,,3 3
+6_4-C1 +7C2 +ZC2 32C1 CZ 16C1 C2
+27, (4.13)

64
asai = 34 + 8¢, + 30c;? + 48 + 8¢, ¢, + 5¢,3

5 1
+ 3¢,%c, —1—6c1 + 2czcl
3 1 1
_Rcl 32 —ctc, — 64C1 , (4.14)
6 2 s 15, 3
a; = 64 + 96c¢; + 60c,“ + 20¢;° + TCI + §C1
4—%4:1 , (4.15)
Substituting (3. 9) and (4.6)- (4.15) in (1.17), we obtain
1/1 3 3 13 13
Yo = E(Ecs _15155 _15254 + ?‘316'2 c3 + Ecz
2 4 187
—g% tigate

The bounds of |y;| , [y2l, |vsl, lval, lys| and |y |follow
from Lemmas (2.1), (2.2), (2.3) and (2.4) On the other
hand, rearranging the terms in (4.1), (4.2), (4.3), (4.4),
(4.5) and (4.16), we get

1 1 3
|}/1|=|1+ZC1 Sl‘l’E:E.
11( 32)+1|<1<1 2+1) 1
|V2|—22C2 4C1 =513 =1,
3
whereu—z.

+24 >+2]|
13%)73

36 24
(2|1|+2|1——2|+2 1-53+53 ) 3]

B+ B)y ]-
~ 2148 13/ 3] 6’

1113 3 36
|Y3|:E|[E(C1 _EQCZ

13
<
= 2148

wherea—lﬂ—— 6—5
1| 37¢; f 5, 156cic;  144cs
I R PR TR )
2 192 37 37
1 3¢, 1 ¢® 3¢°
+E<C4_T>+§+T+ 2
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Function

<1[37 <2|1|+2|156 2|+21 156+144|>
— 21 96 37 37 37
1 1
+—-2++—+2+3]
2 2
—1(3+1+1+5)—19
) 2 4
where —§,a=1,ﬁ=ﬁ. =2
4 37 37

23 (. 39 18
__C2<C1 46 C1C2+23C3)

5 3 3¢, 35
‘“<%‘ZQ%)‘1%‘%‘fr'+a£ﬁ

1 4 7 43

T34 Tghtgyats
<1[1-2(3 1)+—3<2+5—3+43>+Z 4+2
212 12 23 23 8

2(5 1)+3 224D 3yt
2 2 256 3

7 43
-16+—-2+—-2+§]

8 2
A S I
6 2 8 3
+7+43+2]
4 5

_1(35+71+7+16+7+2+54)
“2\8 6 2 3 4 5
1(3263 )_1 9743

~2\120 =2 120
9743
T 240
3 39 18
where py=3,a =1"8=E’ , Uz Uz
5 3
Z'#‘l»__
=4l -3
( 3 78 +18 )
T3\ T 37 a2 T34
17 37
+ﬁﬁ(%‘ﬁ%>
187 586 ,\ 3 13
+1529* (s e’) 3% (4~ 37°)
145 iy 24 36
*ﬁ@ mfﬁiﬁQ
1\ 67 5
+3 <Cz_ﬁcl )‘l’ECl (Cz_%cl >
+119 ( . 4 80 )
32 1\ T 119 92T 119

3 1
—ZCZ - 73C1 +§]|

1 1 37
=224 2- —(2|1|

=371z 48
2|—=-201
+ |37 ()|
wlh 78+18> 1742(37 1)+187 .
37 " 371) " 16 17 192
3
+4
45(2|1|+2| 2(1)|+2 1+24+36)
t o 145 145 ' 145
+3 2+67 82
48
L9 2(2|1|+2| 2(1)|
32 119
+2 1+4 80)+3
119 1191/ " 4
1
-4+73-2+—]
3
—1[2+37(2+8+46)+10+18 +3
) 24 37 37 6
+145< +628+82)+6+67
24 145 ' 29 3
101 448 _1[21 16+166+448+67+187
2 31 2 3 6
101] 335
21 27
3 7 18
where H1=Exa1=1:.31=;:1:§u“2:
37, 586 13
32 M3 = ogos M T 2= L
24 6_36 1 5
Bo= 14502 T35 '#s = 3 He T 53¢ %

1= 4 5 — 80
=Lp = 119° 3~ 119°

Remark on sharpness:

The estimate for y;is sharp and is attained by the
extremal Carathéodory function

1+z -
p(z) = —1+ZZ z",
7 n=1

we obtain ¢; = 2. Substituting into (4.1), we get y, =

2oy =2
2 ni=7.

The estimate for y,is sharp. Indeed, by choosing the
extremal Carathéodory function

1+ z2
p(Z) = ﬁ =1+ 222 + -
we obtain ¢; = 0, ¢, = 2. Substituting into (4.2), we get
v2=1=1pl=1.

The estimate for ysis sharp. Indeed, by choosing the
extremal Carathéodory function
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1423
p(z)=1_23=1+223+---,

we obtain ¢; = ¢, = 0, c¢; = 2. Substituting into(4.3), we
5 5
getys = =lysl =

The estimate for y,is sharp. Indeed, by choosing the
extremal Carathéodory function

1+ z*
—1+ZZ + -
Z

p(z) =
we obtain ¢, =c, =c¢3 =0,¢, = 2. Substituting

into(4.4), we gety, = % =yl = %

However, the sharpness of the bounds for the higher-
order logarithmic coefficients ys and y, remains open
and requires further investigation.

Theorem 4.2.
If f is of the form (1.1) belongs to CST;(sin z) , then

141 + 2V141
|Ha (Fr/2)| £ ———

Proof. In view of (1.12), (1.13), (1.14), we have

HZ,l(Ff/Z) =V1V3 — sz

_1(1
)
+1 )(13( 3 36 +24 )
“1)\qg\1 T3 12T 3%
2
+_
)
Gl(e-3e)+1))
212\ 734
_1(13( 3 36 +24 >+2
2\ag\t T1392T13%) T3
+£cl4+lc1
192 6
3 1
_Rcl C2 +§Clc3)
1/1 9 3
_Z(ZCZ +a61 _gcl C2+1
3
+c2—1612>
13 3 36 24 1 3
=%<c1 _EQCZ +EC3>+ﬁC1(48C3_C1 )
1 3 ) 1
_Z(C2_4C1>+EC1
1,1
—ECZ +E (417)

By applying the triangle inequality in (4.17) as well as
Lemmas (2.1), (2.3), (2.4) and (2.5), we get the desired
inequality.

L 13 36
nrs -1t s 5o (21l + 2|2 -7
36 24—)

+2|1 —+
13

1 1
2ty tzte it
_ 141 + 2vV141

94

36 24 3
Wherea—l,ﬁ’—ﬁ, E’“1_48'“2_Z'
Theorem 4.3.

If f is of the form (1.1) belongs to CST;(sin z) , then

|H22(Ff/2)| = 16
Proof. In view of (1.13), (1.14), (1.15), we have

HZ,Z(Ff/Z) = Yo¥a — V3

_1, 3y
=3z(=-3%)+1)(3
2

16 2 4 8
37¢,* ¢, 3¢’
192 4 4
13/ , 36 24 2\?
_<E(Cl ‘ﬁ“ﬁﬁ%)*g)
1/1 1 3 3 35
= Z(ZCZ + 562G —ch —g1c26s +ac12022
77 3 9
BT TR TN
1 7 15 2 3 s 37 6 1
—galatgaia - gattnattgpatts
1 3 3
+5¢s —gczz e
1 37
- N
20 T1924 )
1< 169 . 9
23084 T’
13 1 1 2
_Ecl CZ +ZC32 +ZC‘32 +§C‘3
13 3 13 1 4
+EC13C3 _ZC1CZC3 +ﬁ613 - 56162 +§)
1 1 3
—_ 3
=162t 1692 "5
1
_ﬁﬁ Cz

230

45 2026] EJUA-BA



Pages 219-236

Logarithmic Coefficients and Hankel Determinant for a New Subclass of Close-to-Star Functions Associated with the Sine

Function
1 3 1 3 1 3
+ﬁc1 Cy acl c4+ﬁc1 c3+§c1c2(:3 +E-2 2+ﬁ'32+ﬁ 8+ﬁ
1 7 15 531 7 25 13 1
_§C1 Cz+ac1 C2 acl =%+Z+E+£+E+ﬁ
5 6 1 2 3 5 1 3 2 +g+1
_18432C1 —Ec3 +mc1 +§C4—§C2 96 4
3 31 1 31 1 529 127 87
T 161 T 3gg +§C1C2 +Z+E+ﬁ=m+ﬁ=ﬁ.

LN S
7681 T 63T 72

1, 1, 3
= I:(ﬁcl C3 _RC3 +§C1C2C3)

4 (1 3 2)
8324
1 3
+ <_ 256512 " g Clzc“)

1 3131
*(gﬁ%‘ZQQ»‘a%>

+(1 15 2)
162 64

)
7681 2 7 182324
37 7 3
+ (—014 +—ci%c, — —clc3>

768 64 16
1 ) 1
T16% 72
1 3 3 3 s
+<Ec2c4—acz )+mc1]
_ [t 3 1 3 .
= [ﬁ%((h + 36¢,¢, — 24c3) + §<c4 e )

31(336 L8 >+1( 15 2)
288\ T3 T3 T2 T
1 5
+-—=q* (CZ - —012)

768 24
37 3 84 144
+ﬁ61 <c1 +§clc2 —?%)
1 3 5
+E%Gfi%)
1 2 1 4.18
_1_6C3 +ﬁ:|l ( . )

by applying the triangle inequality in (4.18) as well as
Lemmas (2.1), (2.2), (2.3) and (2.4), we get the desired
inequality.

1 1 3
oo (F/2)| < 55722+ 78+ 26) + 52+ 4

2(1+)

+31 <2+52+86)+ ! 2(15 1>+ ! 16-2
288 31 31 16 2 768

4 37 2(2+316+46)
768 37 37

1 1, 3,
= [@C3(C1 + 36C1C2 - 24’C3) + §<C4 ) )

4
3 1
- _C12 (C4 + _C22>

64 12
31 , 36 48
‘ﬂﬁ@l‘ﬁqﬁ+ﬁ%)

1 152
+E@‘IQ)

1 5
+=—=0c* (cz - —c12)

768 24
4 37 ( 3+84 144 )
76811 T379%2 T 374
4 1 ( 3 2) N 3 5
162\ 7 3% ) T84
LI 1] 419
165 T 72l (4.19)

by applying the triangle inequality in (4.19) as well as
Lemmas (2.1), (2.2), (2. 3), and (2.4), we get the desired
inequality.

1 1 3
|H2,2(Ff/2)| S@.2(2+78+26)+§'2+a'4

2(1+)

+31 (2+52+86>+ ! 2<15 1)+ ! 16-2
288 31 31 16 2 768

37 316 46
+ﬁ§'2<*"§7+§ﬂ
1 3 1 1
+1_6'2'2+F8.32+1_6'8+ﬁ

_53+1+7+25+13+1
"9 4 16 36 16 24

L1091
9 4
3 1 1 529 127 87
oot o= =,
472727 144 72 16

5. Third Hankel determinant for the Taylor
coefficients of f € C§T ((sin z)

Theorem 5.1.

If f is of the form (1.1) belongs to CST;(sin z) , then

32821 + 72+/138
|H3,1(f)| < 138 .

Proof. Inview of (3. 4), (3. 5), (3.6), we have
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H,,(f) = aya, — az? 1817 + 12+/138 109
22 2 3 11 1 <6|—————|+10-—+17-4
_ 4 3 2 138 12
___Cl +_C1 +_C1 +_C1C3
96 24 4 4 1817 + 12v/138 545
—Ecc—lcz—c - 23 + 6 + 68
510 1
_ 32821 + 72138

1
+c+c3—1= %c1(24c3 -?)

11/ , 60 24
+ﬁ(cl _HC1C2 +HC3)
1 2
+ (Cz +ZC1 )
1
_ZCZZ _Cl_l.

Using the triangle inequality and Lemmas (2.1), (2.3),
(2.4) and (2.5), we obtain

2 24
|Hy o ()] s%-z-mj;

11 60
+ﬁ(2|1|+2|ﬁ—2(1)|
60 24
+2 1_H+H>
1\ 1
+2(1+E)+Z'4+2+1
24/138 11 76 50
==ttt
24/138 37
~ 723 et
1817 + 12v/138
- 138 '
5 24cic, 244
4_8(C13_ 5 T 5)

a?\ 3
+ CZ—T +EC1+4
)

(5.1)

a, — azaz| = |

2

_|11( , 36cic, 24C3) <

48 11 11 2
—2c1—2‘
<11(21 +2|36 21|+2|1 36+24>+2
=48 1] 11 &y 11 ' 11
+4+2—13+8—109 (5.2)
T 12 T 12 :

Using the triangle inequality, Theorem (3.1), Corollary

(3.1) and Eq (5.1) and (5.2), we obtain

|H3,1(f)| < |a3||H2,2(f)| + laylla, — ayas|
+ |a5||H2'1(f)|

138

6. Fourth Hankel determinant for the
Taylor coefficients of f € C8T ((sin z)

Theorem 6.1.
If f is of the form (1.1) belongs to CST;(sinz) , then

7168484 1216+/138
|H4,1(f)| < % + 23 .

Proof. From (1.9) and using the triangle inequality, we
obtain

|H4,1(f)| < |a7||H3,1(f)| + lasllpsl + las||pz|
+ lasllpsl.

We must find p,, p, and p;.
From (3. 4), (3.5), (3.6), and (3.7), we will find p,

1 o . 1., 1,
azas_a3a4 ZZC1C4_+§C1 C2_§C1 Cy +§C2 Cq1
1 3 1
_§C12C3_§C1C2+%C15
1 1 13 13
_ZC2C3_C1C3+EC3_2C2+1_6€13_1_6€13_2C1
1
_ECIZ_C22_7

1 1 13 ; 18 16
:ZC1<C4_EC1C3>_RC1<C1 _EC1C2+EC3)

13 3 24 8

+R<C1 _§C1C2 +EC3)
1

- gcz(c13 —¢1 6+ 2¢3)

1 2 1 5
—2<C2+ZC1 )+%c1 —2¢

_C22 - 7.

Using the triangle inequality and Lemmas (2.1), (2.2),
(2.3) and (2.4), we obtain

| | < ! 2:2+4 13
a,05 — A30y <32 16

2(21 +2|18 2(1 |

11 +2|55 -2

+2 |1 18 + 16 )

13 13

+13(2|1| +2|24 2(1)|+2|1 24+ 8 |)+1

16 13 13 13 8
<2211 + 2|1 = 2(D)|
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Function
1 1 1 ) 5 2 3 2
+2|1—1+2|)+2-2(1+2>+% 32+4+7 —2010203"‘02 —Za’e —5a +12¢; — ¢4,
13 16 22 2
=1+?(2+E+E) +8C2 _§C13_§C22C1+2C3
13 4 6 1 1 1 3 1 3 1 )
9 1 367 1 1 3 1 2
=28+Z+§ ZE. (61) =_C1+EC1C4_ZC1 C2+ZC2 C1
1 9 1 ) 3 1 2 1 5 41 4y
as_a2a4=2C 16C1 CZ 4C2 _ZC]_ C3 _ch C3 +§C1 _%C 16C1 Cz 2C1C3
1 1 3 1 1 1 29 1
_Ecl +ZC1 _EC1C2_EC2 +EC1CZ 24C1 +4Cl +7Cz
1
——c2 1 1 1 1 1
2 1 +ZC2C4_§C12C22_§C23+ZC1 C2C3 +%C14C2
1 1 1
_3(:1_3 = _Ecl <C13_TC1 C2+9C3) _ECZCS _§C1 Cy +EC13C3
1 1 1 1
+—(c -=c 2)——C <c -=c 2) 3 7 1
2\ ™2 2 1\"2 o1 +§c4 3304 1% —c3 I_ZC?’Z_CZ 8¢,
1 1
_E(CZ +¢2) + =3¢, - 3. — g
Using the triangle inequality and Lemmas (2.1), (2.2), __ 7T 5 (C 3 ﬁc c ﬂc
(2.3) and (2.4), we obtain 2304 oot g
+4—1 ( 3_|_162 192 )
las — aya,] < — 961\ T4 T
12 1 2

27
2(2|1| +2 |T_ 2(1)|

+2|1 27+9|)+1 2+1 2-2
4 2 2

+1 21+2)+3 2+3—1(2+19+13)+15

7 ) "6 2 2
=3+15=18. (6.2)

From (3. 5), (3.6) and (3.7), we will find p,.

Hz,s(f) = azas — aj

1 1
=11 +§clc4 32C2C4
7 1 3 1
32C1 ¢’ gcz _ZC1 C20C3
—%clzc4 - %c{*cz + %cﬁcg —%(532 + %cﬁcz
3, 3, 1
—aG et ga
11 4 13 1 1 15 3
~5g% —16c1 € =510 =5 €16 — €1
—gclz+7c2 +Zczc4 +ECZC3
1 3
+mcl +2c4+3c3+15
B (2234 a°+ 2612622 B 4_58C14€2
1 5
+ch +4_8C1 C3

29 3 12 24
——(c1 —C1Cy + == c3)

1 1
_ZC13 <C2_EC12 >

1 1
~z0(a-z4¢)

3 2 2 1 1 2
+§(C4—§cz)+§c1<c4+§c2)
—c;—8c,—=c,° — 1.

(&1 2 8C2

Using the triangle inequality and Lemmas (2.1), (2.2),
(2.3) and (2.4), we obtain

|H2,3(f)| = |azas — az|
7 8( 20 130) W 41
= 2304 7 96
) (2 4 488 4 626)
41 41

1 1 7
+Z-2-2(1+8)+§-2-2(1+1)+7-2<1+§)

I 2(1+1)+1 8.2
8 2) T2
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+29(2+92+82>+1 2 2+3 2+1 2
24 29 29/ 4 2 2

1
201+ 1D +2+8-2+58+1

—41+299+9+4+63+3+29+4+1+3+4
T 720 12 2 3

0_10415 63

=0 (6.3)

Using the triangle inequality and Theorem (3.1),
Corollary (3.1), (6.1) and (6.2), then

lp1l = las(azas — aza,) — as(as — aza,)
+ ag(az — a22 )]

< lazllazas — azay| + |ayllas — aa,|

367
+ lagl|Hop ()| < 6-E +10-18

59 367 963

Using the triangle inequality and Theorem (3.1) and Eq
(5.2), (6.2) and (6.3), then

lp2| = las(azas — ag) — as(as — aa,)
+ ag(a, — a,a3)| < lasllasas — af|

+lasllas — aa,| + laglla, — azasl

<610 4754210
- 2 12
10415 6431 11535
= to = (65

Using the triangle inequality and Theorem (3.1) and Eq
(5.1), (6.1) and (6.3), then

lps| = |a4(a3a5 —a3) — as(ayas — aza,)
+ aeHz,z(f)| < layllazas — afl

+laslla,as — aza,| + |a6||H2,2(f)|

<10-10415+ 367
= 72 12
59 (1817 + 12v/138
7( 138
52075 6239
=36 "1z
107203 + 708v138
+ 276
17698 107203 + 708vV138
=9 * 276
5849475 + 6372+/138
- 2484 (6.6)

Using Theorem (3.1) and Eq (6.4), (6.5) and (6.6), we
obtain

|H4,1(f)| < |a7||H3‘1(f)| + lagllpsl + las||p;|

+ lasllps|
< 313 /32821 + 72+/138
-6 138

59 963 11535

7 7 17
10 (5849475 + 6372V 138)

2484

309729
T8

+ 58494750 + 63720138 + 30818919 + 67608138
2484

309729 = 89313669 + 131328vV138

8 * 2484
_ 7168484 4 1216v138

96 23

7. Conclusion

This paper was inspired by a number of previous studies,
we have obtained the upper bounds of some coefficient
problems for functions in the class ST (sin z)including
Taylor coefficients, logarithmic coefficients, and Hankel
determinants of logarithmic coefficients. By employing
subordination techniques and classical from geometric
function theory. The results provided in this chapter
perhaps could be the subject of further research related to
the higher-order Hankel determinants of logarithmic
coefficients and other coefficient problems, for instance,
the Fekete-Szeg6 functional.

The obtained bounds enrich the theory of univalent
functions and highlight the effectiveness of the adopted
approach based on subordination and coefficient
comparison.

Finally, the methods and results of this chapter open
several directions for future research. These include the
investigation of higher-order Hankel and Toeplitz
determinants of logarithmic coefficients, study of
Fekete-Szego type problems for related to subclasses and
the extension of the present analysis to other
transcendental functions or different choices of
subordinating functions. Such investigations may further
deepen the understanding of the interplay between
special functions and geometric properties of analytic
functions.
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